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Abstract

This paper shows that unit-free multiplicative linear logic is idempotent com-
plete: every idempotent splits, that is every idempotent can be written as a sec-
tion composed with a retraction. Interestingly, this decomposition can be directly
obtained by applying on the given idempotent an algorithm for “proof-relevant”
interpolation — whereas ‘“non-proof-relevant” interpolations cannot yield anything.

1 Introduction

We consider the sequent calculus of unit-free multiplicative linear logic [Gir87]. Proofs
of this system are often considered up to cut-elimination and axiom-expansion, which is
the usual quotient, denoted =g,, to obtain a category whose objects are formulas and
whose morphisms are equivalence classes of proofs, see e.g. [See89]. Indeed, a proof 7
of F A+, B and a proof ¢ of - B+, C can be composed by a cut-rule into the proof

T )
FAYB B C . Moreover, there always is a proof | 4L 4 (@) of - AL A.

(cut) s
- AL C

Quotienting up to cut-elimination and axiom-expansion then yields the associativity of
composition by the cut-rule, and that the az-rule is neutral for it.

This paper studies idempotents in this framework, and their links with section-
retraction pairs. An idempotent is a proof 7 of - A+, A such that:

T T
FAL A FAL A

AL A

(cut) ~—Bn T (1)

A section-retraction pair is a pair of proofs 7 and ¢ of respective conclusions - A+, B
and - Bt A such that:

¢ ™

1 1 . —— (a2)
FB-,A FA-B (cut) =P F BB (2)
+ B+, B
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It is well-known that an idempotent can always be built from a section-retraction pair:

7 ¢
if (7, ¢) is such a pair then 7 -4t B B A ( is an idempotent. Indeed:

cut)
AL A

T ¢ T ¢

T T
FA-B +FBL A FA-B +BL A
[ AJ_7A [ AJ_,A — ’ ’ (cut) ’ ! (cut)
(cut) AL A AL A

l_ AJ_,A (cut)

by definition of 7

¢ T
FBL A FALB p

(cut)
=5 F B+ B FBL A
n ™ (cut)

AL B B A
FAL A

(cut)

by associativity of cut

() ¢
- BL. B FBL A

. T
AL B - Bt A
FAL A

(cut)

by Equation (1)
T )
=g, F At B B A (cut) by neutrality of the az-rule
- AL A
e by definition of 7

Such an idempotent made from a section-retraction pair is called a split idempotent.
We prove here a converse to this statement: every idempotent is a split idempotent,
T

i.e. any idempotent 7 can be decomposed as T =g, A+ B B A (cut) with (7, @)
FAL A

a section-retraction pair. This property of the logic is called being idempotent com-

plete. Not every logic, or more broadly not every category, is idempotent complete,

e.g. Martin-Lof type theory has idempotents that do not split [Shul7]. As examples of

idempotent complete frameworks, there are the category Set (folklore), some homotopy

(sub-)categories [Sch1l], and some triangulated categories [BN93|.

Back to linear logic, how to obtain the section-retraction pair (7, ¢) from 7 is easy: it
suffices to apply the algorithm from Alexis Saurin’s proof-relevant interpolation [Sau25|
to 7. More exactly, we use a slightly stronger theorem that the one stated in [Sau25] but
whose proof is the one in [Sau25].



Theorem 1 ([Sau25, Theorem 5 reformulated|). Let 7 be a cut-free proof of the sequent
F AL B, with A and B two arbitrary formulas. There exists a formula C and cut-free
i
proofs m and ¢ of respectively = AL, C and - C*+, B such that - At.C +CHB
AL B
reduces by cut-elimination to T and no az-rule in 7 (respectively ¢) uses two sub-formula
occurrences of C' (respectively of C). Plus, if 7 is az-expanded, then so are 7 and ¢.

(cut)

The strengthening compared to the statement in [Sau25] is the last part in italic about
az-rules.! Please observe that such a proof-relevant interpolation is strictly stronger than
Lyndon’s interpolation, hence than Craig’s interpolation too. Moreover, it is crucial
here: the usual Craig’s and Lyndon’s interpolations are useless for our purposes, since
an idempotent 7 is a proof of - A+, A so that looking at formulas cannot yield anything
interesting; we really need to look at the proof 7 itself. Thanks to Theorem 1, to prove
an idempotent 7 is split it suffices to prove that the two resulting interpolation proofs m
and ¢ form a section-retraction pair. This is what we show in this paper.

Since we work in unit-free multiplicative linear logic, it would make sense to use not
the sequent calculus syntax but the proof-net one [Gir96]. Indeed, this syntax is more
canonical, making problems “up to =g,” easier to consider. Furthermore, Alexis Saurin
extended Theorem 1 to proof-nets working with Guido Fiorillo and Daniel Osorio Va-
lencia [FOS25].2 Nonetheless, we chose not to do so since we hope to extend our result
beyond unit-free multiplicative linear logic, adding units, additive connectives or expo-
nential connectives, in which cases proof-nets are not as canonical. Still, since intuitions
might be clearer at the level of proof-nets, the key points in our argumentation will be
illustrated by proof-nets — and for the reader familiar with proof-nets it should be most
easy to translate our demonstration from sequent calculus to the proof-net syntax.

2  Unit-Free Multiplicative Linear Logic

We present here unit-free multiplicative linear logic in a standard way as a unilateral
sequent calculus |Gir87]. Formulas are defined by the following grammar, with X an
atom in some countable set:

AB:=X|X'|A®B|A®B

Formulas of the kind X or X are called atomic. Orthogonality (-)* (a.k.a. negation,
duality) is extended as an involution to arbitrary formulas using the De Morgan’s laws:

xXH Y x  UnBrEateBt (AeB)tEalmpt

1Such a restriction on az-rules was already considered when studying section-retraction pairs in [Di
24] and called being half-bipartite.

2In the proof-net syntax, that the part we added to Theorem 1 still holds can also be seen by applying
the algorithm expanding cut in [Di +26, Appendix EJ.



Rules of the logic are the following, where A and B stand for arbitrary formulas,
and I" and A for sets of (occurrences of) formulas:

o, FAT +FALA FA BT 5 FAT +B,A
FAnA r.a " faner") FAeBT.A

(®)

This sequent calculus is equipped with a cut-elimination and an axiom-expansion
procedures (not recalled here) that are weakly normalising |LL 22|, and whose normal
forms are respectively cut-free proofs (with no cut-rule) and az-expanded proofs (with
az-rules only on atomic formulas). Plus, cut-elimination preserves being an az-expanded
proof. Equality up to cut-elimination and axiom-expansion is denoted by =g,,.

We recall that idempotents, split idempotents and section-retraction pairs
are defined in the introduction (Section 1).

3 Around az-rules and Occurrences

We do not define properly occurrences, but use the following convention. We use indexes
to distinguish different occurrences of a same atom, and when X; is an occurrence of X
in some formula C, then XZ»L is the dual occurrence of X; in C* as identified by the De
Morgan’s laws defining (-)*.

We will need in our demonstration the following known or easy results about az-rules

and occurrences of atoms.

Fact 2. Let m be an az-expanded proof of the sequent = 1". Then, each occurrence of an
atomic formula from F T is in the conclusion of a unique ax-rule of .

Proof. By induction on . O

Fact 3. Let m be a proof of conclusion & I' that contains the ax-rules | XlL X, (ax),

- XQJ_ X; (am), A X (o) where Xf and X, occur in I", and XZ»L and X; are
9 n—_L
dual occurrences of a formula introduced by a cut-rule in w for all 1 <i <n. There is an

ax-rule | le_ X, (a) in every cut-free ¢ such that m reduces by cut-elimination to ¢.
Y

Proof. By induction on the reduction sequence m —* ¢. The only cut-elimination step
modifying some az-rule is the az key case:
(az)

T N
FAA FALA T
’ : (cut) H A, A

A A

This step may delete a |- x L L X (az) and the occurrence X; (respectively X:-,), so
1—1?

that the az-rule using the occurrence X;- (respectively X;_1) now use X;- (respectively
X;) instead. Since in the cut-free ¢ only occurrences of I' are present, we can only end

., — (az)



Lemma 4. Let m and ¢ be cut-free and az-expanded proofs of the same sequent. Then
T =gy ¢ if and only if the ax-rules of m and ¢ are exactly on the same occurrences.

Proof. This is a corollary of [Di 24, Theorem 2.50], [HG16, Theorem 1| and the obvious
fact that m and ¢ have the same proof-net if and only if their az-rules are exactly on the
same occurrences. O

4 Splitting an Idempotent

In all this section, we assume given an idempotent 7 of conclusion sequent - A+, A.
Without any loss of generality, we assume that 7 is cut-free and az-expanded. By
applying Theorem 1 on 7, we obtain a formula B and two cut-free and az-expanded
proofs 7 and ¢ respectively of - AL, B and of - B+, A such that:

T ¢
(a) F AtB Bt A (cut) reduces by cut-elimination to 7;
AL A

(b) no az-rule in 7 (respectively ¢) uses two atomic formulas occurring in B (respec-
tively in Bt).

We claim that m and ¢ form a section-retraction pair. More precisely, we will prove that
¢ T

B+ A FALB (cut) is equal, up to cut-elimination, to the full axiom-expansion of

cut
- BL B
LBl B (%) 3 It is hence natural to consider an arbitrary normal — i.e. cut-free — form
¢ 7r
pof b B+ A +ALB (cut)’ To deduce our claim, it suffices to prove the following two
CU
+BL. B

results about p.

Lemma 5. In each az-rule | x1 x (o) of i (for any atom X ), one of X+ and X
occurs in BL and the other occurs in B.

azx)

Lemma 6. Consider in p an az-rule | x 1 @) where one of X and X occurs in

B~ and the other in B. Then X+ and X are dual occurrences in B+ and B.

Once these two results on i are proved, we are done. Indeed, together they imply that
each and every az-rule of u is between one atomic formula of B and its dual occurrence
in B+. The only proof respecting such a property is an axiom-expansion of - BL B (o)

— or proofs that are equal to it up to cut-elimination (Lemma 4).

3As an example of simplification when using proof-nets, in that setting one can replace “is equal up
to cut-elimination” with “reduces by cut-elimination”.



We now proceed to prove these two intermediate results, then conclude the demon-
stration of our theorem. Observe that:

7 2
ALY B +BLB P
(cut)
AL B Bt A
(cut)
AL A
) T
FBL, A FALB :
cut

=gy A+ B + B, B o) b by definition of u

- A+ B B A

- AL A e
T ) T )

FALB +BL A FA-B F+FBL A
=8n - AL A (cut) - AL A (cut) by associativity of cut

FAL A )

T ¢
=g, AL B B A () BT by idempotence of 7 and Item (a)
FAL A
Hence the following property:
us H
FAL B FBt B é
(c) the normal forms of - AL B (cut) - B A and those of
(cut)
AL A
T ¢
FAYB FBA (cut) are all equal to 7 up to =g,,.
AL A "

We will use Item (c) to prove Lemmas 5 and 6, whose demonstrations are illustrated in a
“proof-net way” (c.f. Figures 1 and 2) where triangles represent formula trees and dashed
or dotted edges stand for az-rules between two occurrences.

Proof of Lemma 5. We proceed by reductio ad absurdum. Assume p contains an az-rule

- le_’ X (o) with X7 and X2L both occurring in B — a similar argumentation handles

the symmetric case where those are occurring in B+. We use Item (c) and Lemma 4 to
find in 7 incompatible az-rules. See Figure 1 for a “proof-net illustration”.

We assumed in p an az-rule | Xt X, (o) with X7 and X3 both occurring in B. Con-
. L 1. . — (a2)
sider the occurrences X1 and X5 of B~: by Fact 2, there are in ¢ az-rules | X, X3l

and | X4, Xy (m), with Xg- and X4 both occurring in A by Item (b) — see the upper half

6



s ©
AL B +BLY,B &
(cut)
FAL B B+ A
FAL A
there is an az-rule | X3J_’ X, (o) by Fact 3, hence also in 7 by Item (c¢) and Lemma 4.
7r ¢
y FAL, B +FBLA - rules . v vl
Consider now (cut)’ Recall there are in ¢ az-rules | X1, Xgl
AL A
and _ X4, X, (a2) with ng- and X4 both occurring in A. Looking at the occurrences
(az)

of Figure 1. Therefore, in any normal form of

(cut)

(az)

Xi and X, of B, by Fact 2 there are in 7 az-rules - X, X5 (o) and | Xz,Xgl

with X5 and Xé- both occurring in A+ by Item (b) — see the lower half of Figure 1.
T
Therefore, in the normal form 7 of - A, B+ B+ A (cut) (Item (a)) there are az-

cut
FAL A
(o) and X4,Xé- (o) by Fact 3.

rules - X%,XS

We now have reached a contradiction. In 7 there is both an az-rule - XBL X, (az)

and an az-rule | XSL X (M), with X4 occurring in A but X5 occurring in A+ so that
)
X, and X5 are not the same occurrence. This is impossible through Fact 2. O

(az)

Proof of Lemma 6. Consider in p an arbitrary az-rule | XlL X, with Xf an oc-

currence from BT and X, an occurrence from B — a similar argumentation handles the
symmetric case where Xi- is an occurrence from B and X» is an occurrence from B+. Let
us prove that X f‘ and XQJ- refer to the same occurrence. As in the proof of Lemma 5, we
find some az-rules using Fact 2 and Item (b) — see Figure 2 for a “proof-net illustration™

e in 7 there is | X+, X, (%) Where X3 occurs in At;
9
e in ¢ there is | X1¢ X, (o) where X4 occurs in A;

e in ¢ there is | X4, X5 (az) where X5 occurs in A.

I ¢
FBY,B +B- A
Let us first consider the proof = AT_’ B - AL B (cut)  Thanks to Fact 3
(cut)
FAL A

and following the chain of az-rules - X5, Xy (ez) (in 7), 1 X, X (az) (in p), and
(a

- X4, Xs (a2) (in ¢), there is an az-rule |_ X§-, X5 @) in any normal form of this proof,

hence also in 7 by Item (c) and Lemma 4 — see the upper half of Figure 2.



> 2
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> o
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AL A
*T
0 o)
X5 Xg Xi X, Xy X X5 X4
At B Bt A

Figure 1: Illustration of the az-rules found in the proof of Lemma 5
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X3 Xy X X{  Xu X;
At B Bt A

Figure 2: Illustration of the az-rules found in the proof of Lemma 6



T ¢
Now, let us look at - A*, B+ B+, A (cut) that reduces to 7 by Item (a). Thanks
cu
AL A
. . S (ax) . S
to Fact 3 and following the chain c()f az-rules | X, X, (in 7), and | Xi, Xy
az)

“’in 7 — see the lower half of Figure 2.

(az) (in

), there is an az-rule | X5, Xy !
— (az — (ax) . . .

To sum up, we have | XSL, X5 and ng, X, in 7. Since a unique az-rule

contains the occurrence X3 (Fact 2), X5 is the same occurrence as X,. But then, using

—— (ax) —— (azx)
Fxdx,  andp yl oy
X5 are the same occurrence. This concludes the proof. O

in ¢ with the same argument, it follows that X f and

Putting everything together, we obtain our main result.

Theorem 7. Unit-free multiplicative linear logic is idempotent complete.
Explicitly, given an idempotent T of conclusion = A+ A, there exists a section-
T

retraction pair (7, ¢) such that T =g, F AL B+ B A

(cut)”
AL A

Proof. Without any loss of generality, we assume that 7 is cut-free and az-expanded.
Were it not the case, we consider a normal form 7’ of 7 instead, using that 7" =g, 7.
Theorem 1 applied on 7 yields a formula B and two proofs m and ¢ respectively of
T

F AL, B and of - B+, A such that - At B +B+ A (cuty =B 7 and no ax-rule in
cu
AL A
7 (respectively ¢) uses two occurrences from B (respectively from B1). It follows from

¢ ™
Lemmas 4, 5 and 6 that - B+ A +A+B (cury P F BL B (o) since the az-rules of
CU 9

+ B, B
(az)

the full axiom-expansion of |_ g1 p are exactly between dual occurrences from B+
)

and B (easily provable by induction over B). So (m, ¢) is a section-retraction pair.  [J

5 Conclusion
I ¢

Given a section-retraction pair (m,¢), the proof At B B+ A (eut) is always an
FAL A

idempotent. We prove the reciprocal for unit-free multiplicative linear logic: all idem-

potents are of this shape, a.k.a. are split idempotents. This means that from section-
retraction pairs one can obtain all idempotents, and conversely.

It would be interesting to check whether this result extends to bigger fragments of

linear logic. Notably, one may add units, additive connectives, exponential connectives

10



or quantifiers. We think that adding the additive connectives & and @ is easy: it should
suffices to work slice by slice [Gir87; Gir96|, proceeding in each slice as in the unit-free
multiplicative fragment. The only delicate point is explaining that slices of the expanded
az-rule on - BT, B are in bijection with slices that are preserved during cut-elimination
of the composition by cut of m and ¢ with as cut-formula B. First-order quantifiers
also may be quite easy to add. On the other hand, units seems hard to add, except in
presence of the miz-rules in which case the proof of this paper trivially extend.
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