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Abstract

Few results are known on uniform interpolation for Linear Logic, the main one
being that Multiplicative-Additive Linear Logic has the uniform interpolation prop-
erty, and so does its intuitionistic variant [ADO14]. We present a simple counter-
example to this property for Linear Logic, with a formula of unit-free Multiplicative-
Exponential Linear Logic that has no uniform interpolant, in both classical and
intuitionistic Linear Logic.

1 Introduction

Uniform interpolation is a stronger version of Craig’s interpolation where the interpolant
depends only on one of the two formulas under consideration. More precisely, the uniform
interpolation property states that, given a formula A and an atom X, there exists a
formula C whose atoms are included in those of A except for X, and such that:

e AF C is provable;

e for all formulas B such that X does not appear in B and A + B is provable, the
sequent C' - B is also provable.

In particular, uniform interpolants are an interpretation of first-order quantifiers in the
logic, as the formula C above behaves like 3X A (at least for provability purposes).

Not every logic has the uniform interpolant property, for instance the modal logic S4
does not |GZ95|. It is easy to check that classical logic has this property. A uniform
interpolant for a formula A with respect to an atom X is simply A[T/X]V A[L/X],
that is the disjunction of substituting the atom by true or false. A foundational work
from Pitts [Pit92] proves that intuitionistic logic also has the uniform interpolation prop-
erty. The algorithm to compute it is more complex than in the classical case, and the
proof technique is based on a syntactic approach. The method of Pitts for intuitionistic
logic was then adapted to many other logics. In particular, it was used in [ADO14]
to prove uniform interpolation for the Lambek calculus, as well as for classical and in-
tuitionistic multiplicative-additive linear logic (and also for the affine variants of these
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two). Nonetheless, this proof technique does not extend easily to full propositional linear
logic. The main reason is the presence of the contraction rule, that has a premise se-
quent “bigger” than its conclusion sequent, and that necessitated a particular treatment
in Pitts’ paper [Pit92] so as to remove it from the calculus. Still, since classical logic
and intuitionistic logic both have the uniform interpolation property, one could expect
linear logic to also have it. We show it is not the case by exhibiting a counter-example.
Actually, we present formulas A and (Bj,)nen such that:

1. an atom X appears in A but not in any of the By;
2. Vn € N, A+ B, is provable;

3. for all formulas C such that X does not appear in C, for any number n € N, if
AF C and C+ B, are both provable, then C is of size at least n.

The result immediately follows: A cannot have a uniform interpolant with respect to X,
as such an interpolant would have an unbounded size. More precisely, the formulas A
and (By)nen belong to unit-free multiplicative-exponential linear logic, but there is no
uniform interpolant C for A even in full propositional linear logic. Furthermore, this is
a counter-example not only for linear logic, but also for its intuitionistic variant.

Outline. We first recall the syntax of linear logic in Section 2, along with a definition
of uniform interpolation in this setting. Then, we define some useful tools in Section 3.
At last, we present our counter-example in Section 4, and prove it cannot have a uniform
interpolant using the tools from the preceding section.

2 Definitions

We use the standard presentation of linear logic as a unilateral sequent calculus [Gir87].
In particular, proofs are derivations whose conclusion sequent is of the shape - I". The
only exception to the use of this framework is the demonstration of Lemma 9, with
derivations in the sequent calculus of intuitionistic linear logic, see e.g. [GL87].
Formulas are defined by this grammar, where X is an atom in a given countable set:

AB:=X | X" | ARB|A®B|L|1 | A&B|A®B|T|0 | ?4|!4
N—_—— N——

-~
atom multiplicative additive exponential

Orthogonality (-)* (a.k.a. negation, duality) is an involution defined by:
X ) x+ UxBLtYatepl UeBrAtept (4Lt Y4t
X x- Uept¥alnpl UeBt Y atenpt (14 &4l
Ly TL 4
IR oL &1
We use the notation A — B % AL % B. Rules are given on Figure 1, where A and
B stand for arbitrary formulas, I and A for sets of (occurrences of) formulas, and 7" for
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Figure 1: Rules of Linear Logic

a set of (occurrences of) ?-formulas. Remark we restrict the az-rule to atomic formulas,
a well-known simplification. This sequent calculus is equipped with a cut-elimination
procedure, denoted by —, that is weakly normalizing and that we recall in Appendix A.

We denote by Voc (A) the set of atoms occurring in the formula A. For instance,
Voc ((XT 2% X7)& Y ™) ={X,Y}. Uniform interpolation can be stated as follows.

Definition 1 (Uniform Interpolant). Given a formula A and an atom X, a uniform
interpolant for A with respect to X is a formula C' such that:

e Voc (C) C Voc(A)\ {X};
e - AL C is provable;
e for all formulas B, if X ¢ Voc (B) and - A+, B is provable then - C*, B is provable.

The uniform interpolation property holds when every formula admits a uniform
interpolant with respect to every atom.

3 Toolbox

We present here two tools that will be of use to prove that our counter-example is indeed
a counter-example. The first is a variant of slices, the second of Geometry Of Interaction.

3.1 A variant of Slices

The &-rule stands apart since it is the sole rule with some sharing of the context I'. A
useful tool when considering &-rules is the notion of a slice |Gir87; Gir96| which is a
derivation missing some additive component. In a slice, no rule duplicates a context. As
our framework has not only additive but also exponential rules, the well-behaved concept
is the one of a 0-slice, meaning a slice which is not above a !-rule, at depth 0.



Definition 2 (0-slice). For 7 a derivation, a 0-slice of 7 is a (usually non-derivation)
tree 7’ obtained by deleting one of the two sub-trees of each &-rule of 7w that is not above
a l-rule. Thus, in 7’ some (but maybe not all) &-rules are unary:

AT - B,T
— (1) ————— (&)
- A& B,T - A& B,T

Example 3. Here is a derivation followed by its two 0-slices:

n = O

-1 1 -1 -1
F1&1 '(&) _ (M F1&1 |(&)
FI1&1) CT&D o Fipen
Tk ) FLaen D FTELIAEY &
FT &L (1&1) © CTe e Y

Cut-elimination can be extended in the natural way to O-slices, with as main difference
that the & — @ key case is replaced by:

AL A
_tr4 (&) —————— (@) FT,A  FALA
FT,A& B FAte B A — (cut)
(cut) F F,A
FT,A
FALA
a4 (&) ——————— (&2) FI,B FBLA
FT,A& B FBto Bt A — (cut)
(cut) l_F,A
FT,A

Also, it is not possible to eliminate cut-rules of the following shapes:

T, A Bt A A A AL A
- (&) ——————— (®2) T (&) ——————— (@)
FT,A& B FAL® B A FT,A& B F B+ @ BLH A
cut cut
FT,A (cud FT,A (cu)

Lemma 4. Let m and ¢ be derivations such that 1 — ¢. For each 0-slice ¢' of ¢,
there exists a 0-slice @ of © such that ©' — ¢' or ' = ¢'.

Proof. We can check that each cut-elimination step respects this property, with the
equality case coming from a reduction on rules not in the considered 0O-slice. ]

Observe a corresponding result for slices does not hold, because a formula of the shape
?(A @ B) can be associated to both a @1- and a @g-rule. This is a phenomenon at play,
for instance, in the Seely isomorphism ?(A @ B) ~ ?7A % ?B. The cut-elimination case
responsible for this failure is the 7. —! key case, because the two copies of the duplicated
derivation may not make the same choices for all of their corresponding &-rules.



3.2 A variant of Geometry Of Interaction

We define here the key tool for proving our counter-example has no uniform interpolant.
It falls within the spirit of Geometry Of Interaction (GOI) |Gir89|. The quite unusual
part is that we will look at connectives of the cut-formulas along a path from GOI.

Definition 5 (GOI projection graph). The GOI projection graph G, of a derivation
(or of a 0-slice) 7 of conclusion - I' is the undirected edge-bicolored graph defined as
follows, colors being az and cut.

Vertices: All occurrences of atomic formulas X+ and X~ (for all atoms) from the
formulas of I and from the cut-formulas A and A+ in 7, with each cut-rule yielding
a pair of cut-formulas giving separate and dual occurrences.

az-edges: For each pair of occurrences X+ and X~ such that 7 contains an az-rule

E X+t X~ (am), there is an az-edge between X+ and X .1

In our figures, az-edges are coloured in azure and depicted above the vertices.

FALA AL D
cut-edges: For each cut-rule ! A D " (cut) in T, there is a cut-edge between

dual occurrences from the two formulas A and A-+.

In our figures, cut-edges are coloured in crimson and depicted below the vertices.

Ezample 6. Consider the following derivation 7 of - 7X~, X+ @ X*:

(ax) —— (ax)

FXT, Xt - X, X
—————— (an) — () ———— (W)
XX X, X X, Xt
—— 2% ————— (a2) — (®)
X, Xt X, Xt F2XT X, X T e Xt
——— () ——— () (%)
F2X Xt X, X F2XT, XT Xt
— (&) — (@1)
F2XTIX T & X F2X— o X, XteXT

X Xt Xt (cut)

Its GOI projection graph G, is the following:

— | f ) |
X~ Xt Xt X~ X~ Xt X+t
- S - I i S - : | S - S

X~ cut-formula !XT & X+ cut-formula 77X~ & X Xt X

Observe they are two ways to obtain several az-edges on a same occurrence: this
occurrence can be duplicated using a ?.-rule on one of its ancestor (in the formula tree),
or by being in the context of a &-rule. Both cases can be observed in Example 6.

1This notion extends to general az-rules E A AL (97) with X+ occurring in A and X~ in AL,



We will consider alternating paths in a GOI projection graph, which are paths?
where consecutive edges are coloured differently—e.g. we start with an az-edge, then
take a cut-edge, then an az-edge, and so on. We have the usual result of GOI about
persistent paths, i.e. some paths are preserved through cut-elimination [DR95]. What is
relevant for our purposes is that this holds not only for derivations but also for 0-slices.

Lemma 7. Consider a cut-elimination step m — ¢ between two derivations (or between
two 0-slices). If there is an alternating path between two vertices u and v in Gy, then u
and v are also vertices of Gr and there is an alternating path between u and v in G.

Proof. By inspection on the kind of the cut-elimination step. As we only care about
az-rules and atoms, the non-immediate cases are either trivial with G, C G (& — @ key
case, 7, — ! key case, T — cut commutative case) or easy to check (az key case, 7, — !
key case, & — cut commutative case). O

Remark 8. It is easy to find a counter-example to the reciprocal of Lemma 7. One could
be tempted to consider not only az-rules but also T-rules in a GOI projection graph,
also adding vertices for all occurrences of units. Unfortunately, such a modified setting

does not work for our purposes: Lemma 7 would not hold—consider e.g.:
(az)

FXT X—
— 1) @ D)
1 FL Xt X~ —_— (M
——(T) (®) - FT,XT X
FT,L21 F1®L,X+,X—( :
cut
FT,XT, X™
— | 1 — |
T 1 1 1 1 X+ X~ T Xt X~
I

4 A Counter-Example to Uniform Interpolation

Let us fix two atoms X and Y. Our counter-example is:

def
A X+t o1 (XT - (XT oY) e (Xt oY)
( ) Boyn ¥ B, oY+

{BO Lly+
The main intuition is the following. The formula A is made of three parts: X', a
“reusable machine” taking as input X and returning it along with a Y, and a “one-use
machine” taking as input X+ and returning Y. Thence, A can “produce” any non-null
number of Y, so that A - B, is provable for all n € N. Therefore, one may think
that 'Y ™ ® YT is a uniform interpolant for A, and indeed we do have YT @ Y+ - B,
provable. Nonetheless, A !YT ® Y™ cannot be proved.

2A path is a finite alternating sequence of vertices and edges (vo,e1,v1,€2,V2, ..., en,vs) such that
for all ¢ € {1,...,n}, the two endpoints of e; are v;—1 and v;.



We now have to check the three properties claimed in the introduction: X ¢ Voc (B,,),
and A B, is provable for all n € N, and for all formulas C such that X ¢ Voc (C), if
AF C and C + B, are both provable, then C is of size at least n. Note that the first
property holds by definition. The second is easy to prove.

Lemma 9. For alln € N, there is a deriwation of A &b By, in intuitionistic linear logic
(hence a derivation of = A+, B, in classical linear logic).

Proof. We build a derivation 7, of XT,!(XT - (Xt ®Y™")), Xt — Y+ + B, by
induction on n € N. The result then follows by exhibiting;:

Tn,
X+,!(X+ —o ()('JF(X>Y'+)),AX+ —Yt+B,

Xt Xt = (XteYT) e (Xt —-YH)F B,
(
Xte!l(Xt - (XtoYH) e (Xt —-Y*)F B,

(®F)

® k)

We define the wanted derivations as:

XTEXT (o) YTRYT (o)

def (— F)
o = X+,X+ —wYtEFYt
(tw F)
X+,!(X+ —o (X+ ®Y+)) ,X+ —YTRYT
T o (@)

XXt o (XtoY*t), Xt -YTFB, Ytry*t
Xt YT XY o (XT@YH),XT <Y FB, @Y+

oy S XX ) X eyt I(XT e (Xt R Y ), X" YT F Byt (i:
Xt Xt o XtV T I(XT - (XTeY "), XT - Yt-B,0Y"
XX =X oY) (X = (XtaV ). X' =Y FBay: '
Xt (Xt o (XtoY ), XT =Y TFB, @Yt b F)D

The third wished property is more complex to prove: we use the tools from Section 3.
It also needs an intermediate result, that is not surprising, albeit technical to prove.

Lemma 10. Let C be a formula such that X ¢ Voc (C) and = A+, C is provable. There
is a cut-free derivation of = ALY, C in which no -rule has ? (Xt ® (X~ XY 7)) in its
conclusion sequent.

Proof. Consider a cut-free derivation 7 of - A+, C with a minimal number of !-rules
having ? (X @ (X~ B Y ™)) in their conclusion sequents. We prove this number is null.
By the sub-formula property, any given !-rule in 7 is of the shape

7.(./

FOXT®(X-R3Y),D,2A
F2(XTe(X-RY))),ID,?A

M



with a conclusion sequent containing i > 0 copies of ? (Xt ® (X~ %Y ™)) for some
¢ € N, and where !D,?A are sub-formulas of C. Towards a contradiction, assume i > 1.
Substituting X by 0 in 7’ yields a derivation 7/[0/X] of - (2 (0® (T ®Y7)))",D,?A
since, by hypothesis, there is no X in D, ?A. Consider any result 7" of fully eliminating
cut-rules in -
FT00Y* - ©'[0/X]
FTR0O@YT) ” F(?0®(T3Y"7))",D,?A
!
FITR(0@YT)) F?20(TRY™)),D,7A
FD,7A
1D, ?7A

(%e)

(cut)

O

(Tw)

FRXTR (X RY),ID,?A
where doubled inference rules mean we apply the rule several times depending on 3.
Then, 7 has no !-rule having ? (X ® (X~ %Y 7)) in its conclusion sequent by the sub-
formula property. Therefore, the derivation obtained from 7 by replacing the sub-tree
/
T
FPXTR(XTBY ) D,?A  ith 7 contradicts the minimality assumption on

, "
FOXTo (X% Y‘)))Z DA
. O

Lemma 11. Let C be a formula such that X ¢ Voc (C). If - A+ C and - C+, B, are
both provable for some number n € N, then C contains at least n + 1 occurrences of Y.

Proof. Let us call 7 and ¢ derivations of respectively - A+, C and F C+, B,,. We can
assume them cut-free. We will use the GOI projection graph of (some O-slice of) their
composition by cut to identify Y ~’s in C* linked to the Y ’s of B,,. By using alternating
paths, we will prove these occurrences of Y~ are pairwise distinct, concluding the proof.
T
Finding an alternating path in some 0-slice. Observe that At.C FCH B,
AL B,
reduces to a cut-free derivation of - AL, B,, that we call 7. This 7 is its own unique
0-slice, since there is no &-connective in A+, B,,. By repeated applications of Lemma 4,

T ¢

there is a O-slice u of At.C FCH B, (cut) that reduces to 7. Consider some occur-
+ AL B,
rence Y;" in By, with the index a used to distinguish it from other occurrences. Since
T is a cut-free derivation of F A+, B,,, there must be an az-rule between the occurrence
Y, of B, under consideration and one of the two occurrences of Y~ in A+: call it Y, .
Hence, there is an alternating path between these two in the GOI projection graph G,
of 7. Then, by repeated applications of Lemma 7, there also is an alternating path
p between those occurrences in G,,. Thus, there is an occurrence Yﬁ_ and an az-rule

(cut)

FYy, Y () with Yﬁ_fYaJr being the last edge of p. This occurrence Y, can only be in



C*. We use the alternating path p to show there is no sub-formula ?D of C containing
Yﬁf—say differently, there is no ? between the root of the formula C* and Yﬁf. Once
this claim is proved, we are done: each occurrence of Y in B,, is linked by an az-edge
to an occurrence of Y~ in C+. All these occurrences of Y~ are pairwise distinct: there is
no sub-formula ?D of C containing such an occurrence, so they cannot be contracted;
and there is no &-rule that can share the identified az-rules since we are in a 0-slice, and
these az-rules cannot be above a !-rule for there is no ?-connective nor !-connective in
B,,. Therefore, we have found n + 1 occurrences of Y~ in Ct, as wished.
Exploiting the alternating path. We prove our claim by showing a stronger result:

e for all occurrences of Y+ of C (resp. of C+) belonging to p, there is no ! between
the root of C' (resp. of C1) and these occurrences;

e for all occurrences of Y~ of C (resp. of C) belonging to p, there is no ? between
the root of C (resp. of C) and these occurrences.

We proceed by following the edges of p starting from its endpoint Y| in AL (formally,
by induction on the number of edges in p between the considered occurrence and Y;™).
Exploiting the alternating path: base case. Consider the first edge YffY;r of p, with

Y2Jr in C. Using Lemma 10, without any loss of generality, there is no !-connective between
the root of C' and Y2+: otherwise, since there is an az-rule on Y|, Y2+, there would be
a l-rule (associated to this !-connective) with in its conclusion sequent a 7-sub-formula
of A+ containing Y|, meaning with ?(XT ® (X~ 3 Y 7)).

Exploiting the alternating path: inductive case. See Figure 2 for an illustration of our
reasoning. Assume the results holds for a prefix of p, and let us consider its last edge.

1. Suppose this prefix ends with an az-edge kafYkaH with YI;FH in C'. We know there
is no ! between the root of C and Y,:rl. As p is alternating, the subsequent edge is
a cut-edge ij:-fYk_Jrz with Y~ , in C*. Since thl and Y, , are dual occurrences
by definition of a cut-edge, there is no ? between the root of C+ and Y o

2. Suppose this prefix ends with a cui-edge Y,ijkjrl with Y, ; in C+t. We know
there is no ? between the root of C+ and Y, .. Aspis alternating, the subsequent

edge is an az-edge Y, Y, 5 with Yk++2 either in B, or in C*. In the first case,

+1 “k+
we are done: we have Y,:J'FQ =Y, since there is no cut-edge with endpoint Yk'trQ to
continue our path, and p is supposed to end in Y, . In the second case, since there
(az)

is an az-rule | y— y+ by definition of an ax-edge, it follows there is no !

k41>~ k+2

between the root of C+ and thz

l-rule would prevent the presence of Y, in all sequents above it.

—Dbecause the context condition of a corresponding

3. Suppose this prefix ends with an az-edge kafY,:fH with Y,iH in C. This case is

identical to case 1 up to switching C' and C*.

4. Suppose this prefix ends with a cut-edge Y,ijk:_l with ¥, ; in C. This case is
identical to case 2, with no need to consider Y,:LQ in AL since A+ has no Y.

9
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Figure 2: Alternating path in the GOI projection graph G,, in the proof of Lemma 11

This proves our claim, and concludes the proof. O

Remark 12. By going in the other direction of the path p, we can similarly show that:

e for all occurrences of Y of C (resp. of C*) belonging to p, there is no ? between
the root of C' (resp. of C+) and these occurrences;

e for all occurrences of Y~ of C (resp. of C+) belonging to p, there is no ! between
the root of C' (resp. of C*) and these occurrences.

Proposition 13. Classical and intuitionistic propositional linear logic do not have the
uniform interpolation property.

Proof. The formula A cannot have a uniform interpolant with respect to X, as such
an interpolant would have an unbounded number of occurrences of Y™ by Lemmas 9
and 11—observing that Lemma 11 implies a fortior: its intuitionistic variant. O

5 Conclusion

We presented a formula of (unit-free) multiplicative-exponential linear logic that cannot
have a uniform interpolant in linear logic, both classical and intuitionistic. This contrasts
sharply with the situation of classical logic and intuitionistic logic, that both have the
uniform interpolation property. This counter-example explains why the failure of uniform
interpolation for linear logic cannot be transported to classical logic, intuitionistic logic,
or multiplicative-additive linear logic. Indeed, we needed in the formula A to interpolate
(meaning on the left of the - symbol) both a non-duplicable sub-formula (here X*) and
a duplicable sub-formula (here ! (X* — (X* ® Y'1))), which is impossible in the three
aforementioned logics! The formulas we exhibited were not complex, but proving no
formula can be an uniform interpolant was quite tedious as it depends heavily on the
necessary structure of the formula. Geometry of interaction was a very useful tool to this
end—and we do not do how to prove Lemma 11 without using a GOI projection graph.

A natural question following the failure of the uniform interpolation property is the
following decision problem: given a formula A, does it have a uniform interpolant? This is
an open problem for formulas of (multiplicative-exponential) (intuitionistic) linear logic.

10
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A Cut-Elimination in Linear Logic

n (az) m
FA A FAT ™
ax - - (cut) FAJ—‘
FAT
T ) T 4 T
FALBYT FAA BT At BT FBYX 4
F-®-1 T S el CO) n (cut)
FAL®BLT FA@BAY FALDS FA,A( )
CUT CU
FT.A % (e FT.A X
Lﬂ- 1 (b T i ¢
F A+ BT g FAA FBY FAL BT #A,A( ) .
— — — _— (® cu
F-o©-2 Ixplr FA®BA,Y ((t; FBLT Y F BT
CU cut
NS NS (cu)
s
FU
€L — (1 ™
1-1 For oW FT
cut
FT (cut)
(L ‘ T ¢
&—® H45T FB’F& F4,A FALT PZA
— . =1 = —_— (& 5 5
! FAL&BLT FAoBA Y T (cut)
i )
FT.A (e
AL T FBGiF FBA yd T
) I 5 i
& — @ — & (@2) FB-,T +BA .
FAN& BHT FA®B,A A
t )
FT.A (e
T [} ,
FALT ? n ¢
2d 1 R ram FALT R A7A
e F?ALT FI1A,7A ’ ’ (cut)
(cut) FT,7A
FT,7A
o
)
_ . - FA A " 4
' F?24L 24+ T , FAA F2AL 245 T FI1A?A o) F A, ?7A
20— —— (% — _
© F24LT EYRIN F 241 T, 7A F14,7A
cut
FT,7A (e FT,7A,7A
—_— ()
A
T ¢ .
”
20 — | }_75 (7w) ﬂ 0) =T )
F2AL T F14,7A . TToa "
FT,7A

Table 1: Cut-elimination — Key cases
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T ([) ™ T
FALBYT  FAA AL BLT FB,E( : é
. —_— (cut
cut = cut FBLT,A O Bx - FALT S FAL
) ’ cut cut
FT. A Y (et NS
™ T 0
FAL B, CT " AL B,.CT FAA
% — cut n ) : — (cut)
FAL, BRCT )—A,A( : FB.CT.A
cut _
FBXC,T,A FBacTA
™ ¢ T ‘r
FAL BT FCA F AL BT FA,E( : ®
— cul — —_— T (®) T 7 (cut
©-cut =1 FAL,BoCO,T,A FAS - FB,I,% Fea
FB®C.L.A Y (eu) FB@C.L.A %
T ¢ ¢ -
FBT FALCA © . FAL C A FA,Z( :
— _ —_—m (® T ——————— (cut
o out =2 FALBoC.T,A FAS BT FCAS :
FBoCO.LAY (cu) FBoCO,AY
™ T (D
FALT o o FALT FAA
— - _ 14 _— cut
L - cut FAL LT FAA - FT,A (vt
cut — (L
FL1,T,A FLra
0 ¢ m T ¢ T
FAL BT FALCT © FAL BT FAA FALCT HLA< :
— z T —_—————— (cut _————— (cut
b= cut F AL B&C,T FAA - FB.T.A (cu) Fora
FBLOT,A (cu) FBLOT, A
™ T )
FAL BT 4 FAL BT FAA
®1 — cut n (®1) -y (cut)
FAL BaCT FA,A( : FB,T,A o
t —_—(®
FB®C,T,A ! FBeC,T,A
T T (z)
AL CT . 5 FALCT FAA :
PR ——— (&2 ’ —_——— (cut
Do — cut FAL,BG)C,F FAA » — FOT.A (cu
cut [ \
FBeCT.A FBocT.A
— ™
- (T
T—cut FA .'T’F FA7A (cut) - FT,F,A M
FT,T,A
77 T I
AL B,T a P FAL BT FAA
— e - t
?d — cut F AL BT FAA — FBT.A (cut)
(cut) — ()
F?B,T,A F?B,T,A
s s ¢
kAL ?B,?B,T " FAL?B?B,T FAA
?c— cut 1. () ' — —— " (cut)
F AL ?B,T FA,A( : F?B,?B,T,A
cut _ (7
F7B,T,A Fegoa Y
T g ]
FALT 4 FALT FAA
7w — cut (w) sy ——— (cut)
‘ F ALY ?B,T FAA FT,A
(cut) — (w)
F?B,T,A F?B,T,A
™ ¢> ¢
?
PRALBIL RATA VAEB T LAA-.Q ®
I — cut : — () s F?A-B,7 14,7
: F 2?4 1B, 7T F14,7A ¢
F"B T 7A - (cut) F B, TA , (et
e F 1B, 7A )

Table 2: Cut-elimination — Commutative cases
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