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Plan

» Equality of proofs / terms
@ In A-calculus
@ In Linear Logic

» Equality of formulas / types
@ In A-calculus
@ In Linear Logic
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Simply typed \-calculus

Terms Types

M,N = x| Ax.M|MN AB:=0|A=B

S-reduction
(Ax.M) N -2 M[N/x]
n-expansion
M - (Ax.M x)
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Simply typed \-calculus
Terms Types

M,N = x| Ax.M|MN AB = 0|A=>B

S-reduction
(Ax.M) N -2 M[N/x]
n-expansion
M - (Ax.M x)
Usually, syntactic equality is not enough:
e Quotient in category/denotational model: M =g, N — [M] = [N]

n times
—~—
o Church encoding: n:= AMf.Ax.f f ... f x
2 + 2 should be equivalent to 2 + (1 + 1)

— the “good” notion of equality of terms is up to computations (i.e. 3
and 7 equivalence closures, =g,,)
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Simply typed \-calculus
Terms Types

M,N = x| Ax.M|MN AB = 0|A=>B

S-reduction
(Ax.M) N -2 M[N/x]
n-expansion
M - (Ax.M x)
Usually, syntactic equality is not enough:
e Quotient in category/denotational model: M =g, N — [M] = [N]
n times
—~—
o Church encoding: n:= AMf.Ax.f f ... f x
2 + 2 should be equivalent to 2 + (1 + 1)

— the “good” notion of equality of terms is up to computations (i.e. 3
and 7 equivalence closures, =g,,)

Here: focus only on equality up to (3-reduction to simplify
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Checking equality of terms
Problem:

e M =3 N7 Give a sequence of terms ML Ly Py 8N
e M #3 N? Prove such a sequence cannot exist!

4/20



Checking equality of terms

Problem:

o M =5 N? Give a sequence of terms M - . 2. 25 ... 2N

e M #3 N? Prove such a sequence cannot exist!

Key results:

e (3 is strongly normalizing / \
(no infinite sequence of reductions)

o (3 is confluent \‘ ’/

Corollary
M =3 N < B(M) = B(N) where = is syntactic equality!
with 3(-) the unique normal form of the term
Examples

2+2- 54 24 (141) 24254238 241
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Linear Logic

Formulas
AB = | X]| Xt (atom)
|ABB|A®B|L]|1 (multiplicative)
|A&B|A®&B|T|0 (additive)
| 7A 1A (exponential)
| VXA | 3XA (quantifier)
Orthogonality
(XHt=x (A® Byt = At B+
Rules (16)
FAS T FAA FAT FBA

(ax)
- AL A FT.A ) T aserna @
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Linear Logic

Formulas
AB = | X]| Xt (atom)
|ABB|A®B|L]|1 (multiplicative)
|A&B|A®&B|T|0 (additive)
| 7A 1A (exponential)
| VXA | 3XA (quantifier)
Orthogonality
(XHt=x (A® Byt = At B+
Rules (16)
FAST FAA FAT FBA
T () (cut) (®)
HA-A LA FA® B, A

Computations: through the Curry-Howard isomorphism, S-reduction
corresponds to cut-elimination and n-expansion to axiom-expansion
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Cut-elimination

Key steps (9) “true” computations
71_ (ax) ™
AL A FAT 5 ™
! " (et) 7 FAT
FAT
Q p T 0 T
F B ALT FAA +B,X FBYALT EBX
—_— (?) S S (®) i> (cut) P
FBLmALT FA®B,A, Y FALT, T FA A
FTLAY (cu) LAY (cu)
Commutative steps (15) used to reach a key step
T T P
AL B, C,T FAL B, C,T FAA
7 P R (cut)
AL BB CT A A FB,C,T,.A )
(cut) _
FBRC,IA -FB®C,T,A
™ 14 ™ T
FALBLT FHAA FAL BT +B,X
(cut) T _"> (cut) P
FBL A FB,x FALT, X FAA
LAY (cu) LAY (cer)



Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL I—CL,C()
2 ®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C

(ax)

(ax)
F A AL FctC
— () (®)
FALA FAAt®CLH C )
) (ax
FAAL® Ch C - B,B*

FA® B,Ate Ct Bt C

(ax) (ax)
FA AL FCt,C
(®) (ax)
FA AL CL C PB,BL()
®

FA® B,At® C*+ B+, C
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!
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Checking equality of proofs

Problem:
B

e 7 =g p? Give a sequence of proofs 7 Lo A

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T

FALBLT +HAA FALBLT +FBX

(cut) T 8 (cut) p
FBLrA FB,X FALT X FAA
(cut) (cut)

FTLA Y FTA Y

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T
FALBLT +HAA FALBLT +FBX
n (cut) T *‘> n (cut) p
FBLrA FB,X FALT X FAA
L (cut) — (cut)
FIAY FILA Y

@ Cut-elimination is confluent?
Not at alll
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A FB-B - FALA kci.c( )

©)
FA®B,AL B FALe CL A C
(cut)
FA® B,At® Ct B C

¥ &

(ax (ax)

(ax) (ax) )
FALA FctC FALA FBL.B
() (ax) £ (®) (ax)
FAAt® CH C F BB FA®B,AL B FCt C
(®)
FA®B,At® Ct Bt C

FA®B,At @ C*H B C
Irreversible choice at the beginning: first commutative case with the left

®-rule or with the one?
No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A FB-B - FALA FctC

(®)
FA®B,AL B FALe CL A C
FA® B,At® Ct B C

¥ &

ax) (ax) (ax) (ax)

(cut)

(
FALA FctC FALA FBL.B
() (ax) # (® (ax)
FAAt® CH C FBL.B ) FA®B,AL B FCt,C
FA®B,At® Ct, B, C - FA®B,AL® CL B C

Irreversible choice at the beginning: first commutative case with the left
®-rule or with the one?
No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...

But confluence up to rule commutation!

(a+ b) x (c + d) reduces by distributivity laws to both
(axc+axd)+(bxc+bxd)and (axc+bxc)+(axd+bxd)

which are equal up to associativity and commutativity of +.
9/20



Rule commutations (from a list of cases)

P T s P
FAD,A FB,Y FC.T FAD,A _
® — ®
rcr rAeBDAY D = Tacenra @ rsx
® ®
“AwBCaDrAy “A®BCaDray
™ T p
- A B,C,T ) A B, C.,T FD,A
— (%) = (®)
FABB, C.T oA FAB.CoD.T.A
® %
~A®B, CoDT,A ~A®B,CoD.A
14 T T P T T
FB,C,A FB,DA FAT FB.C.A FAT FB,D,A
T @& = ————©® —— (®)
AT FB,C&D,A FA®B,C.T.A FA®BDTA
CAwBc&DTA FA®B,C&D,T,A )

. (and many many many more)
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Rule commutations (from a general method)
— ) (r

Every pair =

)
(r) — (%)
n — )

(cut)

———— (cut) Bc/m %) ——— (cut)

() — )

coming from:

Approximately N2 commutations with N the number of rules — 93 in LL!
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Rule commutations (from a general method)

Every pair ) — 0

coming from:

Approximately N2 commutations with N the number of rules — 93 in LL!

o = C =g trivially

@ = is exactly the usual rule commutations without the ! — ?. and
| — 7, commutations!
™ ™ ™ ™
- A, 7B, 7B, 7T - A 7B, 7B, FA T F AT
A Rk bt R AR AR — — (%
FiaBBw Y % a0 oad Tiagr £ A
— (% —_— (! ———— (thy _— (!
Az 0 Az Az Fiazgr
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CPO5]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

ONLT N

I
\
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] — also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]

Let HH, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~». Suppose:

— + ~>* is strongly normalizing

H<+ —C="

HH —C (H-*<)U(= = H-*<)
Then — is Church-Rosser modulo .
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]

Let HH, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~». Suppose:

— - ~* [s strongly normalizing

H+ - C=" 1 s

H- = C (K- *<)U(=-=* H )
Then — is Church-Rosser modulo .

12/20



Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

/\ N

T4, = k-7

Corollary: Confluence up to rule Corollary: Equality on
commutation normal forms

If my and 7, are cut-free proofs obtained by =~ Between cut-free proofs,
cut-elimination from a same proof m, then =g is exactly =.

T = ). ’s
7N
m = 'm
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Consequences

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice
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Consequences

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice
o Proof-nets: identify proofs exactly up to rule commutation =
— =g is simply equality of graphs (for normal forms)!
— cut-elimination is confluent in proof-nets!
— some difficulties for | —?.and ! - 7,,
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Consequences

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice
o Proof-nets: identify proofs exactly up to rule commutation =
— =g is simply equality of graphs (for normal forms)!
— cut-elimination is confluent in proof-nets!
— some difficulties for | —?.and ! - 7,,

(AtBLHY® C

o Complexity: rule commutation is not a “nice” equivalence relation;
deciding if two MLL proofs are equivalent is
PSPACE-complete [HH16]! Still easier to manipulate than =g
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Consequences

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice
o Proof-nets: identify proofs exactly up to rule commutation =
— =g is simply equality of graphs (for normal forms)!
— cut-elimination is confluent in proof-nets!
— some difficulties for | —?.and ! - 7,,

(AtBLHY® C

o Complexity: rule commutation is not a “nice” equivalence relation;
deciding if two MLL proofs are equivalent is
PSPACE-complete [HH16]! Still easier to manipulate than =g

@ Axiom-expansion to take into account, along with its interactions

with cut-elimination (e.g. commutations as rewriting systems) . .. 1320



Interlude: What about Classical Logic?

Cut-elimination equalizes all proofs of a same sequent (by Lafont
in [GLT89, Appendix B.1]): =g is the largest possible!

m p
- A - A
—ca"™ cra
- A A (cu)
a9
Ve AN
™ p
FA
(w) A,
FA A CAA
A 9 A ©
™ p
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Plan

» Equality of formulas / types
@ In A-calculus
@ In Linear Logic
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Equality of formulas as Isomorphisms

(Type) Isomorphisms relate types/formulas/objects which are “the same”,
i.e. which are indistinguishable.

Generally in category theory:

f

SOWRBOZ

g
Instantiation in A-calculi, logics, ...
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Equality of formulas as Isomorphisms

(Type) Isomorphisms relate types/formulas/objects which are “the same”,
i.e. which are indistinguishable.
Generally in category theory:

f

B a0 o
g

Instantiation in A-calculi, logics, ...

General question: give a caracterisation of all isomorphisms in a category
— an equational theory = basic isomorphisms from which all others follow
Soundness — Easy (but tedious) work.
Completeness — Two main approaches:
Syntactic the analysis of pairs of terms composing to the identity
should provide information on their type (if = is simple)
Semantic find a model with the same isomorphisms than in the syntax
but where they can be computed more easily (typically
reducing to equality between combinatorial objects) 1620




Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN = AxB .x

Examples
oA (B—-C)~B—(A— ()
with M = A\f.Ab.\a.(f a) b
and N = Af.da.\b.(f b) a

e AXxB~BxA
with M = N = Ac.(m ¢, ¢)
o (AxB)—-C~A—(B— ()

17 /20



Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN = AxB .x

Examples
oA (B—-C)~B—(A— ()
with M = A\f.Ab.\a.(f a) b
and N = Af.da.\b.(f b) a

e AXxB~BxA
with M = N = Ac.(m ¢, ¢)
o (AxB)-C~A—(B— ()

Definition simple but hard to use practically:
— Tedious to prove A ~ B: give terms M and N then show both
compositions =g, the identity.
— Horrible to prove A % B: argue for every terms M and N, one

composition # g, the identity. 17 /20



Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN =3n AxB .x

For A-calculus with products and unit type / cartesian closed

categories Semantic (finite sets) [Sol83]
X Ax(BxC)~(AxB)xC AxB~BxA
xand - | (AxB) - C~A—-(B—=-C) A-(Bx(C)~(A—=-B)x(A—= ()
1 I1xA~A 1-Ax~A A—=1lx1

Reduction to Tarski's High School Algebra Problem: can all equalities
involving product, exponential and 1 be found using only

a(bc) = (ab)c ab = ba
Cab — (Cb)a (bC)a — b2
la=a al=a 1°=1

17 /20



Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN =3n AxB x

For A-calculus with products, unit type and sums / cartesian closed
categories with binary coproducts [FDBO02]

NOT FINITELY AXIOMATISABLE

Give an infinite family of isomorphisms that cannot be obtained by any
finite number of isomorphisms.

17 /20



Interlude: What about Classical Logic?

Isomorphism A ~ B
Proofs T of AF B and p of B A such that

o
AI—B B}—A(Cut) BWAFA() and BFA AI—B

AEA B-B

(cut)y P71 B B &

Cut-elimination equalizes all proofs of a same sequent.

Fact

A~B < AHEB

Not very exiting, but not trivial: deciding A 4 B is equivalent to
deciding provability!
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of A B and p of B+ A such that
P T

us P
— — (ax — —— (ax
BFEA AFB =oAL a® and AFB BFA o =s.prg
A A BEFB
Conjecture
Associativity AR(BeC)~(A®B)® C AB(B%RC)~(ABB)%®C
As(BaC)~(A@B)& C A& (B&C)~ (A& B)&C
Commutativity ARB~B®A ABB~B7RA ApB~B®oA A&B~B&A
Neutrality ARl1~A AL ~A ADOx~A A&T~A
Distributivity AR (Ba(C)~ (A B)®d (A® C) AR (B&C)~(ABB)&(ARC)
Annihilation AR0~0 AT ~T
Seely (A%B)~1AQ B 2(AGB)~7A%® 7B
IT~1 0~ 1
. VX(A& B) ~VXA&VXB 3X(A® B)~3IXA®3XB VXT ~T 3IX0~0
Quantifiers VXABB~VX(A®B)* 3XA®B~3X(A®B)* VXYYA~VYVYXA 3X3YA~3IYIXA
* if X not free in B

19/20



Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of A B and p of B+ A such that
P T

us P
— — (ax — —— (ax
BFEA AFB =oAL a® and AFB BFA o =s.prg
A A BEFB
Conjecture
Associativity AR(BeC)~(A®B)® C AB(B%RC)~(ABB)%®C
As(BaC)~(A@B)& C A& (B&C)~ (A& B)&C
Commutativity ARB~B®A ABB~B7RA ApB~B®oA A&B~B&A
Neutrality ARl1~A AL ~A ADOx~A A&T~A
Distributivity AR (Ba(C)~ (A B)®d (A® C) AR (B&C)~(ABB)&(ARC)
Annihilation AR0~0 AT ~T
Seely (A%B)~1AQ B 2(AGB)~7A%® 7B
IT~1 0~ 1
. VX(A& B) ~VXA&VYXB 3X(A® B)~3XA® 3XB VXT ~T 3IX0~0
Quantifiers VXABB~VX(A®B)* 3XA®B~3X(A®B)* VXYYA~VYVYXA 3X3YA~3IYIXA
* if X not free in B

Semantic method complicated: most models come with T@ A~ T ® B

while in the syntax T® A2 T ® B
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of AF B and p of B - A such that

P s T P
BFA A'_B(cut)zﬁnom(ax) and AFB BFA

(ax)
AEFA

(cut) ~Bne B+ B
B+FB

For Multiplicative Linear Logic / x-autonomous categories

Syntactic (proof-nets) [BD99]

Associativity A (B C)~(A®B)® C AR(BBC)~(ABB)®C
Commutativity ARB~B®A ARB~B7®A
Neutrality Al~A AR 1L ~A

19/20



Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of AF B and p of B - A such that
P s

B-FA AEB
AEFA

s P
ey =0 AFA @) and AFB_BRA

B+ B

(cut) S Ane B+ B e

For Multiplicative-Additive Linear Logic / x-autonomous categories
with finite products Syntactic (proof-nets) [DL23]

Associativity AR (B C)~(A@B)® C AR(BBC)~(ABB)®C

A (BoC)~(AoB)a C A& (B&C)~(A&B)&C
Commutativity ARB~B®A ABB~B7®A ADB~B®A A&B~B&A
Neutrality Al~A AR 1L ~A A0~A A&LT~A
Distributivity A (BaC)~ (Ao B)d (A® () AR (B& C)~(ARB)& (A% C)
Annihilation A®0~0 ART ~T

19/20



Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of AF B and p of B - A such that
P s

B-FA AEB
AEFA

s P
(cut) —Bno AF A ®) and AFB BFA

BB

(cut) S Ane B+ B e

For Polarized Linear Logic

Semantic (games, forest isomorphisms) [Lau05]

A (B C)~(A®B)® C

Associativity Ap(BeC)~(AaB)aC

A3(BRC)~(A%B)3C

A& (B&C)~(A&B)&C
Commutativity ARB~B®A ARB~B7®RA AeB~Ba&A A&B~B&A
Neutrality ARl1~A AR L ~A As0~A A&LT~A
Distributivity A (BaC)~(A®B)¢ (A C) AB(B&C)~(ABB)& (A% C)
Annihilation A0~0 AT ~T
Seely (A& B)~1A® !B (A®B)~7A%®7B
IT~1 M0~ L

19/20



Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs m of A B and p of B+ A such that
P s ™ P
— — (ax — —— (ax
BFEA AFB =oAL a® and AFB BFA o =s.prg
AFA B+ B
Conjecture
o AR (Be ) ~(AaB)aC AR(BBC)~(A%B)®C
Associativity Ag EB’; c; ~ EAA» B; ®C A&((B& C; ~ EA& B))& c
Commutativity ARB~B®A ARB~B7®A APB~BaA A&B~B&A
Neutrality Al~A AR L ~A Ab0~A A&T~A
Distributivity A(BaC)~ (Ao B)d (A () AB(B&C)~(ARB)& (A% C)
Annihilation A0~0 ART =~ 1
Seel (A& B)~1A® 1B A B)~ A% B
Y IT~1 0~ 1
. VX(A& B) ~VXA&YXB 3X(A® B) ~ IXA & IXB VXT ~ T X0~ 0
Quantifiers VXABB~VX(A®B)* 3XA®B~3X(A®B)* VXYYA~VYVYXA 3X3YA~3IYIXA
* if X not free in B

Natural perspectives:
e MELL

e M(A)LL with quantifiers

19/20



Retractions in Linear Logic

Retraction A < B

Proofs m of AF B and p of B A such that
p us

BrA AFB . =g AT A
AF A

(ax)

Example

A<J(A—A) A

No conjecture, even in MLL!

Indecidable in propositional LL!

20/20



Thank you!
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Retractions and Provability

Fact

IX <IX ® (X®A) < Ais provable
X AX&(X®A) <= F Ais provable
A<JA®B <+ B*, Ais provable

Fragment

Provability

LL
MELL

MALL
ALL

(an overview of these results on provability can be found in [Lin95])

Undecidable ®
TOWER-hard ®
(decidability is open)
PSPACE-complete ®
P-complete
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