Identity of Proofs and Formulas in Linear Logic
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Plan

» Equality of proofs / terms
@ In A-calculus
@ In Linear Logic

» Equality of formulas / types
@ In A-calculus

@ In Linear Logic
@ Isomorphisms
@ Retractions
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Simply typed \-calculus

Terms Types

M.N == x| Ax.M|MN AB = O|A=B

3-reduction (Ax.M) N -5 M[N/x]

n-expansion M — (Ax.M x)
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Simply typed \-calculus

Terms Types
M;N = x| Ax.M|MN AB =0|A—B

3-reduction (Ax.M) N 25 M[N/x]

n-expansion M — (Ax.M x)

Syntactic equality is usually not enough:

e Quotient in category/denotational model:
M =5, N = [M] = [N]
n times
@ Church encoding: n:= A x.ff ... f x
2 + 2 should be equivalent to 2 + (1 + 1)

— the “right” notion of equality is up to computations = 7 equivalence
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Simply typed \-calculus

Terms Types
M;N = x| Ax.M|MN AB =0|A—B

3-reduction (Ax.M) N 25 M[N/x]

n-expansion M — (Ax.M x)

Syntactic equality is usually not enough:

e Quotient in category/denotational model:
M =5, N = [M] = [N]
n times
@ Church encoding: n:= A x.ff ... f x
2 + 2 should be equivalent to 2 + (1 + 1)

— the “right” notion of equality is up to computations = 7 equivalence
Here: only on equality up to 3-reduction to simplify
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Checking equality of terms
Problem:

e M =3 N7 Give a sequence of terms ML Ly By N
e M #3 N? Prove such a sequence cannot exist!
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Checking equality of terms

Problem:

o M =3 N? Give a sequence of terms M +— . 25 . 2y ... 2N

e M #3 N? Prove such a sequence cannot exist!

Key results:
e [ is strongly normalizing )*/ %

(no infinite sequence of reductions)

* *
o (3 is confluent \‘ ’/

Corollary
M= N < B(M) = B(N)
with B(-) the unique normal form of the term
Examples
242548 24 (1+1) 2+2- 54438241
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Linear Logic

Formulas

AB = |X| Xt
|ABB|A®B|L]|1
|A&B|A®B|T]|0
| 7A | 1A
[VX A|3IX A

Involutive Negation / Orthogonality

(Xt =x

(AB)Lt=At@Bt (AeB)t=AtmBt 11=

Sub-systems
@ MLL = atom + multiplicative

@ MALL = atom + multiplicative 4+ additive
° ...

1

atom

multiplicative
additive

exponential

quantifier

1t =1
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16 Rules of Linear Logic

FALT FAA

(ax) (cut)

AL A FT,A
FAB,T FAT FBA T
— 7 (®) ® () — )
FA®B,T FA®B,T,A FLT 1
~AT kBT AT -B,T .
FA&B,T (&) FA@B,I'(I) I—AeBB,I'(z) I—T,I'()
AT - 2A,?AT e - AT
(?d) —  (?¢) (?w M
AT - 2AT F2AT 1A, T

AT FA[B/X],T
e — \v/ R —
I—VXA,I’() F3IX AT

X not freein I
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16 or up to 20 Rules of Linear Logic

FALT FAA
(ax) (cut)
FAL A LA
FAB,T FAT FBA FT
— (™ ® —— L) — ()
FA%®B,T FA® B,T,A LT F1
FAT +B,T . HAT +B,T .
FA&B,T ) I—A@B,I'(l) I—AeBB,I'(z) l—T,I'()
- AT - 7A?A,T ol AT
(td) ———— (@ (tw )
F AT - 2A,T F2A,T 1A, T
AT - A[B/X],T
X not freein I ———— ( _—
VX AT F3xX AT
FT FA FT FT
— me - mix —_— — w
CT.A (mix2) (mixo) T (V) T (@)
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16 or up to 20 Rules of Linear Logic

(ax)

FAL A
FAB,T FAT FBA FT
— 7w ® () — )
FA®B,T FA®B,T,A FLT 1
~AT kBT AT -B,T .
FA&B,T (&) I—A@B,I'(l) I—AeBB,I'(z) l—T,I'()
AT - 2A,?AT e - AT
(?d) —  (?¢) (?w M
AT - 2AT F2AT 1A, T

FAT FA[B/X],T
X not freein I ———— (V) —_—
FYX AT F3X AT
FTFA FrFT
T — V) — ()

(mix2) — (mixo)

T, A - -T r

Curry-Howard isomorphism: (-reduction ~
n-expansion /= axiom-expansion
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Cut-elimination

Key steps (9) “true” computations
7J_ (SX) v
- AL A AT 8 m
: () 7 FAT
FAT
™ P T ™ T
F B ALT FAA FB,Y FBLALT +BX
' (7w (®) i) (cut) 14
FBLALT FA®B,A, % FALT, Y A A
cut cu
FTL ALY (e FT,A, Y (e
Commutative steps (15) used to reach a key step
T T )
I—AJ‘,B,C,F I—AL,B,C,I_ FAA
e ) p A, (cut)
FAL BB C,T A A ~BCra
(cut) _—
FB®C.T,A FB®C,T,A
T p T T
FALBLT FAA FALBLT FB,Y
(cut) T NN (cut) p
FBLT,A FB, ¥ FALT Y A A
FLA Y (cur) FTLA Y (cur)



Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL I—CL,C()
2 ®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C

(ax)

(ax)
F A AL FctC
— () (®)
FALA FAAt®CLH C )
) (ax
FAAL® Ch C - B,B*

FA® B,Ate Ct Bt C

(ax) (ax)
FA AL FCt,C
(®) (ax)
FA AL CL C PB,BL()
®

FA® B,At® C*+ B+, C
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!
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Checking equality of proofs

Problem:
B

e 7 =g p? Give a sequence of proofs 7 Lo A

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T

FALBLT +HAA FALBLT +FBX

(cut) T 8 (cut) p
FBLrA FB,X FALT X FAA
(cut) (cut)

FTLA Y FTA Y

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
e m =g p? Give a sequence ofproofsw& NI N ——p

e m #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

e Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T
FALBLT +HAA FALBLT +FBX
n (cut) T *‘> n (cut) p
FBLrA FB,X FALT X FAA
L (cut) — (cut)
FIAY FILA Y

@ Cut-elimination is confluent?
Not at alll
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FB-B - FALA FCt,

FAL A O
FAgB,ALBL FAL®CLAC
(cut)

FA® B,At® Ct B C

¥ &

(ax) (ax) (ax) (ax)
FALA FctC FALA FBL.B
() (ax) £ (®) (ax)
FAAt® CH C F BB FA®B,AL B FCt C
(®) ()
FA®B,At® Ct Bt C

FA®B,At® Ct B, C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...

one?
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A FB-B - FALA FctC

(®)
FA®B,AL B FALe CL A C
FA® B,At® Ct B C

¥ &

ax) (ax) (ax) (ax)

(cut)

(
FALA FctC FALA FBL.B
() (ax) # (® (ax)
FAAt® CH C FBL.B ) FA®B,AL B FCt,C
FA®B,At® Ct, B, C - FA®B,AL® CL B C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the one?

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...

But confluence up to rule commutation!

(a+ b) x (c + d) reduces by distributivity laws to both
(axc+axd)+(bxc+bxd)and (axc+bxc)+(axd+bxd)

which are equal up to associativity and commutativity of +
10/24



Rule commutations (from a list of cases)

P T s P
FAD,A FB,Y FC.T FAD,A _
® — ®
rcr rAeBDAY D = Tacenra @ rsx
® ®
“AwBCaDrAy “A®BCaDray
™ T p
- A B,C,T ) A B, C.,T FD,A
— (%) = (®)
FABB, C.T oA FAB.CoD.T.A
® %
~A®B, CoDT,A ~A®B,CoD.A
14 T T P T T
FB,C,A FB,DA FAT FB.C.A FAT FB,D,A
T @& = ————©® —— (®)
AT FB,C&D,A FA®B,C.T.A FA®BDTA
CAwBc&DTA FA®B,C&D,T,A )

. and many many many more ...
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Rule commutations (from a general method)
— ) (r

Every pair =

)
(r) — (%)
n — )

(cut)

———— (cut) Bc/m %) ——— (cut)

() — )

coming from:

Approximately N2 commutations with N the number of rules — 93 in LL!
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Rule commutations (from a general method)

Every pair ) — 0

coming from:

Approximately N2 commutations with N the number of rules — 93 in LL!

o = C =g trivially

@ = is exactly the usual (cut-free) rule commutations without the ! — 7.

and ! — ?,, commutations!
T i i s
- A 7B,7B, T FA,?B,7B,7T FA T FAT
R — —_— (7 — ({l ——— (%w
F1A,7B,7B, T U FA B, (9 and 1A, 7T © Z L A?B, M )
————— — (¢ ———— (! ——— (?w ———— (I
F 1A, 7B, 7T & FI1A,7B, 7T & F 1A, 7B, 7T &2 F1A,?2B, T O
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CPO5]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

ONLT N

I
\
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] — also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]

Let HH, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~». Suppose:

— + ~>* is strongly normalizing

H<+ —C="

HH —C (H-*<)U(= = H-*<)
Then — is Church-Rosser modulo .
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]

Let HH, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~». Suppose:

— - ~* [s strongly normalizing

H+ - C=" 1 s

H- = C (K- *<)U(=-=* H )
Then — is Church-Rosser modulo .
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] — also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

5 oot
TTtesL = kT
Proof.
™ T =1
® & . P
t steps)? . #(cut steps) x

#(Cg o ™ ok \ T+ . ™3 #(communtations)
~ N< cases O %, ! 3 . 5

- . + v ~ cases

T =0/1 7 T = 7

(with N the number of rules in the logic)
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] — also on a term syntax
in [CPO5]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

/\ AN

|
\

-~

If
s
\

A profusion of to check
— horrible and imprecise on paper, to formalize in a

But no adequate existing library!
The exchange rule overcomplicates, want to be up to exchange while able

el I
to distinguish occcurrences; which L is kept in S (L) ?

Y )
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Confluence up to rule commutation

Theorem (Proved in MALL [DL23] - also on a term syntax
in [CP05]; in progress for full LL)

Cut-elimination is Church-Rosser modulo rule commutation.

/\ N

T4, = k-7

Corollary: Confluence up to rule Corollary: Equality on
commutation normal forms

If my and 7, are cut-free proofs obtained by =~ Between cut-free proofs,
cut-elimination from a same proof m, then =g is exactly =.

T = ). ’s
7N
m = 'm
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Consequences & Avail

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice
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Consequences & Avail

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice

@ Proof-nets: identify proofs exactly up to rule commutation =
» =g is equality of graphs
(on normal forms)
» cut-elimination is confluent

» difficulties for | — 7. and
-2,

» defined only in some
sub-systems of LL
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Consequences & Avail

e “Bureaucracy”: have to order all rules in sequent calculus, but some
order does not matter and no canonical choice

@ Proof-nets: identify proofs exactly up to rule commutation =
» =g is equality of graphs
(on normal forms)
» cut-elimination is confluent

» difficulties for | — 7. and
-2,

» defined only in some
sub-systems of LL

o Complexity: rule commutation is easier than =g but is NOT “nice”
» deciding equivalence of MLL proofs is PSPACE-complete [HH16]
» equivalence of LL proofs is undecidable:

FaoT,T faeT T ™
AL (@) = AL (@s) = Als provable
FIART, T T FIA T, TaT
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But we have more than cut-elimination ...

@ Axiom-expansion to take into account, along with its interactions
with cut-elimination (e.g. commutations as rewriting systems)

ﬂn—w‘ n-normal

¢ - 1 ->i m-normal

(which holds without 2" order quantifiers)
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But we have more than cut-elimination ...

@ Axiom-expansion to take into account, along with its interactions
with cut-elimination (e.g. commutations as rewriting systems)

@ One may want , yielding even more cases!
v v
FA?B,?B, M HA7?B,?B, T .
! (%
HIA?B,?B, 7T W= FA?B,T ()
7 el (
A Y YRR
™ T
AT A
" = o550 (W
1A, T = L A7BM
_— (% e (
HIA?B, T () 1A ?B, T v
B TC
= A[B/X],T 5 = =A[C/X],T when 7 is “witness irrelevant”

F3X AT F3X AT
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But we have more than cut-elimination ...

@ Axiom-expansion to take into account, along with its interactions
with cut-elimination (e.g. commutations as rewriting systems)

@ One may want , yielding even more cases!

@ One may also want other rewritings, for which to check interactions
with cut-elimination and axiom-expansion

v
- ?A,T
—— (%) m
- 2A,?A,T M R2AT
F?2AT
T — (mixo)
FToF . T
T (mix2) T
™ 0
LI Eu)) = T
-T
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Plan

» Equality of formulas / types
@ In A-calculus

@ In Linear Logic
@ Isomorphisms
@ Retractions
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Equality of formulas as Isomorphisms

(Type) Isomorphisms relate indistinguishable types/formulas/objects
Generally in category theory:
f

S OWEROZY

g
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Equality of formulas as Isomorphisms

(Type) Isomorphisms relate indistinguishable types/formulas/objects
Generally in category theory:
f

G - T
g

Definition simple but hard to use in practice

Problem: caracterise exactly the isomorphisms of a category
< give an equational theory = basic isomorphisms generating all others
Soundness ~ — Easy but tedious
Completeness — Two main approaches:
Syntactic analyse pairs of terms composing to id to deduce their types
~ need = simple
Semantic do it in a model with no more isomorphisms and a simpler =

~ need a far yet close model
17/24



Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN =3n AxB x

Examples
06A->(B—-C)~B—(A—= ()
with M = A\f.Ab.Aa.(f a) b
and N = Af.\a\b.(f b) a
e AxB~BxA
with M = N = Ac.(m2 ¢, m ©)
o (AxB)-C~A— (B— ()
with M = A\f.Aa.\b.f (a, b)
and N = Af.\cf (m1 ¢) (m2 ©)
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Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN =3n AxB .x

For A-calculus with products and unit type / cartesian closed

categories Semantic (finite sets) [Sol83]
X Ax(BxC)~(AxB)xC AxB~BxA
xand - | (AxB)-C~A—-(B—-C) A= (BxC)~(A—B)x(A— ()
1 I1xA~A 1-Ax~A A—=1lx1

Reduction to Tarski's High School Algebra Problem:
can one find all equalities involving product, exponential and 1 using only

a(bc) = (ab)c ab = ba
Cab — (Cb)a (bC)a — pac?

la=a atl=a 12=1
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Isomorphisms in A-calculus

Isomorphism A ~ B

Terms M of A— B and N of B — A such that
NoM =g, MAx and MoN =3n AxB x

For A-calculus with products, unit type and sums / cartesian closed
categories with binary coproducts [FDBO02]

NOT FINITELY AXIOMATISABLE

Give an infinite family of isomorphisms unobtainable from any finite family

18/24



Isomorphisms in Linear Logic

Isomorphism A ~ B
Proofs T of AF B and p of BF A such that

P
— —— (ax
AI—B B}_A(cut)_WOAI—A() and BFA A}_B(cut)_ﬁnoBl—B( )
AEA B+ B
Conjecture
Associativity A (B C)~(A®B)® C AB(B®RC)~(ABB)%®C
A (BoC)~(A®B)a C A& (B&C)~ (A& B)& C
Commutativity ARB~B®A ARB~B7W®A AbB~B®A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 ART ~T
See (A& B)~1A® B (A® B)~ 1A% B
Y ITe1 0~ 1
" VX(A&B)~VX A&VX B 3X(AeB)~3IX AcIX B VX T ~T IX0~0
Quantifiers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that

P
AI—B B}—A = (ax) BEA A}—B —5 ST g (@)
(cut) —Pno AFA and BTA AFD (cut) —Bno B+ B
AFA B+FB

Conjecture

o A (B C)~(A®B)® C Aw@wcﬁqumwc
Associativity A (BoC)~(A®B)®C &(B&C)~ (A& B)&C
Commutativity ARB~B®A ABB~BRA AébB Ba& A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 ART ~T

| (A& B)~1A® B 7A@ B)~ A% B
Seely IT~1 0~ 1
Quantif VX(ALB)~VX A&VX B 3X(A®B)~3X A5 3X B VX T =T IX0~0
uantimers VX BBRA~YX(BRAY  3IX BeA~3X(B® A

VXYY A~VYYX A 3X3Y A~3Y3IX A

* if X not free in A

With the !
b A28,78,7T

-
FiA78,78,7

H1A7B,7T

— 7., 1—=7, and 7. — 7, commutations and reductions
us ™ us ™
- A,?B,7B,7T FA FAT F2AT
— T (2 — _ 7w
Fazr O Friar Y = Fama "™ ravAr
7 — T 7w !
Fiazer Fiazer F1A 7B, 7T FIAT

(7w)

3

™
— RAT
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AFE B and p of B+ A such that
P

T
(ax) — 0y == ()
M (cut) B0 AL A and BFA AFB =6 BrB
AFA B+ B

Conjecture

o A@(B@C):(A@B)@C AB(BRC)~(ABB)%®C
Associativity Ad(BaC)~(A®B)a® A& (B&C)~(A&B)&C
Commutativity AoB~BoA A?&B BWA ADB=~BoA ALB=B&A
Neutrality ARl~A AR L ~A A0~ A A& T~A
Distributivity AzBaCO)=~(AeB)a(An Q) AR (B&C)~(ABB)& (A% C)
Annihilation A0~0 AT ~T
o (A&B)~1A® B A©B)~ A% B
iikd IT~1 0~ 1
Quantf VX(A&B)~VX A&VX B 3X(A®B)~3X A5 3X B VX T=T IX0~0
uantiers VX BRA~VYX(BBA)}  IXB®A~IX(BRA) VXYY A~VYVX A 3XIY A~3YIX A
Optional VX A~ AT 3IX A~ A 1~ 14 0o~ T®
* if X not free in A

B TC '_ﬂ—r ; (mixo) -

+ i AIB/X],T - = FA[C/X],T o tif ) = BT

F3X AT F3X AT Fr

when 7 is “witness irrelevant” — (@

& with =T
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Isomorphisms in Linear Logic

Isomorphism A ~ B
Proofs T of AF B and p of BF A such that

P s
— —— (ax
ArB B}_A(Cut)—BUOAI—A( ) and BEA AFB (. =moprp ™
AEA B+ B
Conjecture
Associativity A (B C)~(A®B)® C AB(B®RC)~(ABB)%®C
A®(BeC)~(AeB)aC A& (B&C)~ (A& B)& C
Commutativity ARB~B®A ARB~B7W®A AbB~B®A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 ART ~T
See (A& B)~1A® B (A® B)~ 1A% B
Y ITe1 0~ 1
" VX(A&B)~VX A&VX B 3X(AeB)~3IX AcIX B VX T~T IX0~0
Quantifiers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A

Semantic method complicated:
T®A~T® B in most models while syntactically T®@ A2 T ® B

— syntactic method, proof-nets as equality easier (but none for full LL)
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that

p
AI—B B}_A(cut)_ﬁnoAl—A( x) and BFA A}—B(Cut):&]om(ax)
AFA B+ B

For Multiplicative Linear Logic / x-autonomous categories
Syntactic (proof-nets) [BD99]

Associativity A(BeC)~(A®B)® C AB(BRC)~(ABB)%®C
Commutativity AB~B®A ABB~B7®RA
Neutrality ARl~A AR L~A

(no proof-nets with units: add them with boxes)
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that
P

AI—B B}—A (cut) =pno AL A (&) and BFA A}—B (cut) :Bnom(aX)
A A BFB
For Multiplicative-Additive Linear Logic / x-autonomous categories
with finite products Syntactic (proof-nets) [DL23]
L A(BeC)~(A®B)® C AB(BRC)~(ABB)%®C
Associativity Ap(BaC)~(AeB)a C A& (B&C)~(A&B)&C
Commutativity ARB~B®A ARB~B7®A AoB~BadA A&B~B&A
Neutrality ARl~A AR L~A Ad0~A A& T~A
Distributivity A (Ba(C)~ (A B)d (A® () A%R(B& C)~(A®B)& (A% C)
Annihilation AR0~0 AR T ~T

(no proof-nets with units: add them in sequent calculus)

20/24




Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that

AI—B B}—A

Ara

hno A A

() and

p

BFA A}—B = ST n ()
BB

(cut) —Bno B+ B

For Polarized Linear Logic
Semantic (games, forest isomorphisms) [Lau05]

Associativity A(BoC)~(A®B)® C AB(BRC)~(ABB)%RC
Ap(BaoC)~(AaB)a C A& (B& C)~(A&B)&C

Commutativity AB~B®A ABB~B7%RA AeB~BgA A&B~B&A

Neutrality ARl~A AR 1L ~A AP0~ A AT ~A

Distributivity Ax(BaC)~ (Ao B)a (A C) AR (B&C)~(ARB)& (A% C)

Annihilation A®0~0 AT ~T

ol (A& B)~1A® B WA©B)~ AR B

ee IT~1 0~ L
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Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that
P

i
Ale Bba (a) BFA AFB —p o (a)
(cut) =810 A A and (cut) =610 BF B
AFA BF B
Conjecture
- Az (BaC)~(AnB)®C AR (BRC)~(A%B)3C
Associativity Ad(BoC)=(AdB)® C A& (B&C)~(A&B)&C
Commutativity ARB~B®A ABB~B7%RA AeB~BgA A&B~B&A
Neutrality Al~A AL ~A Ad0~A A&T~A
Distributivity Az(Ba O ~(AaB)a(An () AR (BLC)~(ABB)&(A®C)
Annihilation A®R0~0 ART ~T
(A& B)~1A® B WA©B)~7ARTB
Seely IT~1 0~ 1
Quanti VX(A&B)~VYX A&VX B 3X(A® B)~3X A5 3X B VX T~T IX0~0
uantimers VX BBRA~VYX(BRAY  3IXBoA~3IX(BRA® VXYY A~VYVX A 3X3Y A~3YIX A

* if X not free in A

Natural perspectives (using proof-nets):
o MELL

e M(A)LL with quantifiers
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Retractions in Linear Logic

Retraction A < B

Proofs m of AF B and p of B A such that
p us
BFA ARB

AEA

(cut) =B AF A

Example

A<(A—-A)® A

No conjecture, even in MLL!

Cantor-Bernstein-Schrdeder property

A<Band BJ4A — A~B
This property does not always hold!
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Retractions & Provability

Lemma
IX <X ® (X ®A) <= Ais provable
X AX&(X®A) <=+ Ais provable
A< A®B <+ B*, Ais provable
Sub-system | Provability: is I' provable? Retraction: does A < B?
LL Undecidable Undecidable
MELL TOWER-hard TOWER-hard
(decidability is open) (undecidable if provability is)
MALL & Decidable
MLL NP-complete in NP
ALL P-complete at least P

(an overview on the complexity of provability can be found in [Lin95])
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Results & Conjectures for Retractions

Known Results — all in MLL [Di24]
@ Same retractions (non isomorphisms) with and without the units, and
with and without the mix rules
@ Retraction from an atom (universal supertypes): only

AJ(A—A)RA
(but only for the formulas, not for the proofs themselves!)

o Cantor-Bernstein-Schrdeder property
e Without unit, if A < B then size(A) < size(B) with equality iff A~ B
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Results & Conjectures for Retractions

Known Results — all in MLL [Di24]
@ Same retractions (non isomorphisms) with and without the units, and
with and without the mix rules
@ Retraction from an atom (universal supertypes): only

AJ(A—A)RA
(but only for the formulas, not for the proofs themselves!)

o Cantor-Bernstein-Schrdeder property
e Without unit, if A < B then size(A) < size(B) with equality iff A~ B

Conjectures
o Cantor-Bernstein-Schroeder for MALL (maybe even LL?)
@ Retractions of ALL: only
AJA&B ifAEB
@ Retractions of ELL: only
PASMNA

NA < ?I71A
23 /24



Conclusion

@ Equality of proofs is complex, even worse with rule commutations not
from cut-elimination . ..

. which makes the study of isomorphisms and retractions hard

Decades-old conjecture for isomorphisms in LL, still open

Retractions not well-studied, high complexity bounds outside of the
smallest sub-systems

Proof-nets are a good tool for these problems, but limited in scope
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Conclusion

@ Equality of proofs is complex, even worse with rule commutations not
from cut-elimination . ..

. which makes the study of isomorphisms and retractions hard

Decades-old conjecture for isomorphisms in LL, still open

Retractions not well-studied, high complexity bounds outside of the
smallest sub-systems

Proof-nets are a good tool for these problems, but limited in scope

Thank you!
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Back-Up: Rule Commutations & Provability

Lemma
FiAgT.T FiagT.T "
N T, @) = AQ T, (@) = A is provable
FIARQ T, T®T FIAQ T, T® T
Proof.

¢ If Ais provable ( <= !A is provable)

(T) (Ta)
— (M) FIA ETa, T 1A ETa, T
FIA® Ta, T - T (®) — —— — (®)
—_— (@) FIA® Ta, T = FIA® Ta, T
FIAQ Ta, T T ———— (@) —_—— (@)
FIAQ Ta, T T FIAQ Ta, TO® T
(T
ETa, T & ————— (Ta)
_ — @)~ FIA FTa, TET
= FIA EFTa, TET = (®)
(®) FIA® Ta, T®T

FIAQ Ta, T T
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Back-Up: Rule Commutations & Provability

Lemma
FiAgT.T FiagT.T "
N T, @) = AQ T, (@) = A is provable
FIARQ T, T®T FIAQ T, T® T
Proof.

¢ If A is not provable ( <= !A is not provable)
We can compute the full equivalence class in this case:

(T (Ta) — (7)
N FIA T FTa FIA T
FIAQ Ta, T _ ©® - —— (@) (Ta)
TP A ey = FIA® Ta, T = FIATeT FTa
= !A@TA,T@T — (@) (®)
FIAQ Ta, TOT FIAQ Ta, TOT

Remark we use !A instead of A to prevent commutations in FIA T (T), as
. )
I'is the sole rule not commuting with T
]
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Interlude: What about Classical Logic?

Cut-elimination equalizes all proofs of a same sequent (by Lafont
in [GLT89, Appendix B.1]) = =g is the largest possible!

™ p
HA HA
w) ——— (w)
FC,A CHA
(cut)
- A A
A
S AN
m p
A - A
- A A kA,A(W)
(c) (¢)
- A A
m p
FA
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Interlude: What about Classical Logic?

Isomorphism A ~ B
Proofs T of AF B and p of B A such that

o
AI—B B}—A(Cut) BWAFA() and BFA AI—B

AEA B-B

(cut)y P71 B B &

Cut-elimination equalizes all proofs of a same sequent
Fact

A~B <— A-HFB

Not very exiting, but not trivial:
deciding A - F B is equivalent to deciding provability!
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