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Introduction

Study the identity / equality of proofs:
when are two proofs 7 and p equal?

By the Curry-Howard isomorphism similar to:
when are two \-terms M and N equal?

~ syntactic equality is generally not enough!
We want (at least) equality up to cut-elimination / S-reduction
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Introduction

Study the identity / equality of proofs:
when are two proofs 7 and p equal?

By the Curry-Howard isomorphism similar to:
when are two \-terms M and N equal?

~ syntactic equality is generally not enough!
We want (at least) equality up to cut-elimination / S-reduction

Considered framework: Linear Logic
— fine-grained enough for this problem to be relevant
(Classical Logic equates all proofs!)

Motivations:
@ instance of when are two morphisms in a category equal?
@ relevant for isomorphisms: when are two formulas A and B equal?

@ useful when looking for a canonical representative: proof-nets!
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Plan

» Equality of terms in \-calculus

» Equality of proofs in Linear Logic
@ Quick sketch of Linear Logic
@ Why is equality more complicated than in A-calculus?
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Simply typed \-calculus

Terms Types

M,N = x| Ax.M|MN AB = O|A—>B

-reduction (Ax.M) N 25 M{N/x}

1-expansion M~ (Ax.M x)
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Simply typed \-calculus

Terms Types
M,N = x| Ax.M|MN AB =0|A—B

[-reduction (Ax.M) N 25 M{N/x}

7-expansion M 5 (Ax.M x)

Syntactic equality is usually not enough:
@ Church encoding: n:= A \f.Ax.ff ... f x
~——

n times

2 + 2 should be equivalent to 2 + (1 + 1)

@ Quotient in category / denotational model:
M =3, N = [M] = [N]

— a useful notion of equality is up to computations = 3 equivalence
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Simply typed \-calculus

Terms Types
M,N = x| Ax.M|MN AB =0|A—B

-reduction (Ax.M) N 25 M{N/x}

7-expansion M 5 (Ax.M x)

Syntactic equality is usually not enough:
@ Church encoding: n:= A \f.Ax.ff ... f x
~——

n times

2 + 2 should be equivalent to 2 + (1 + 1)

@ Quotient in category / denotational model:
M =3, N = [M] = [N]

— a useful notion of equality is up to computations = 3 equivalence

Here: only on equality up to 3-reduction to simplify
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Checking equality of terms
Problem:

@ M =3 N? Give a sequence of terms ML Ly P 8N
@ M #z N7 Prove such a sequence cannot exist!
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Checking equality of terms

Problem:

e M=3N? GiveasequenceoftermsM&'i%i%-wiN

@ M #z N7 Prove such a sequence cannot exist!

Key results:
@ [ is strongly normalizing )*/ %

(no infinite sequence of reductions)

* *
@ (3 is confluent \‘ ’/

Corollary
M= N < B(M) = B(N)
with 3(-) the unique normal form of the term
Examples
24242+ (1+1) 2+2- 5 4#38 241
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Plan

» Equality of proofs in Linear Logic
@ Quick sketch of Linear Logic
@ Why is equality more complicated than in A-calculus?
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Linear Logic

Formulas

AB = |X| Xt
|ABB|A®B|L]|1
|AGB|A&B|0|T
| 7A | 1A
[VX A|3IX A

Involutive Negation / Orthogonality

(Xt = x

(AB)t=At@Bt (AeB)lt=AtmBt 11=

Sub-systems
@ MLL = atom + multiplicative

@ MALL = atom + multiplicative + additive
° ...

1

atom

multiplicative
additive

exponential

quantifier

1t =1
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16 Rules of Linear Logic

FALT FAA

(ax) (cut)

AL A FTLA
FAB,T FAT FBA ET
— (%) (®) — (1) — (1)
-FARB,T FA® B,T,A 1T F1
FAT +FB,T N AT FB,T .
FA&B,T (&) FA@B,F(I) I—A@B,F(Z) D—T,F()
AT - ?A,7A,T T AT
(?d) ———— (%0) (?w) Q)
F?A,T F?A, T F?A,T FI1A T
FAT HA{B/X},T
X not free in I _ (3

—_— (v
FVX AT F3X AT
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16 Rules of Linear Logic

FALT  FAA
(ax) (cut)

FAL A FT,A
FAB,T FAT FBA ET
— (®) ® ——w — Q)
FA%®B,T FA®B,T,A FLLT F1
FAT FB,T . FAT +B,T .
FA&B,T (&) FA@B,F(I) I—A@B,F(Z) D—T,F()
FAT F?A,7A,T -T AT
(rd)  ———— (20 (7w) (")
AT F?A,T AT 1A, 2T
FAT - A{B/X},T
X not freein I ——— (V _—— (3
FVX AT F3X AT

Curry-Howard isomorphism: (-reduction ~ cut-elimination
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Cut-elimination

Key steps (9)
(ax) 7T

FAL A FAT

(cut)
AT

™ P T

F B ALT FAA FB,Y
LAl T aoa Ay @

FBLmALT FA®B,A, Y
ut
FTLA Y (e

Commutative steps (15)

m
FAL B, C,T
- p
FALB®CT FAA
FB®C,T,A

(cut)

T P
FALBLT FAA
(cut) T

FBLT,A FB,X
FTA T

“true” computations

FAT

™

.
FBLALT BT
(cut) 4
FALT, Y FA A
FIAY

(cut)

used to reach a key step

™ p
FALB,C,T FAA
FB,C,T,A
FB®RC,T,A

(cut)

™ T
FALBHT FBX
(cut) P

FALT, T FA A
FT,A, T




Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL I—CL,C()
2 ®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C

(ax)

(ax)
F A AL Fct,c
— () (®)
FAL A I—A,AL®C{C( )
cut) (ax
FAAL® CL C FB, Bt

(®)
FA® B,Ate Ct Bt C

Q)\@!

(ax) (ax)
FA AL FCt,C
(®) (ax)
FA AL CL C PB,BL()
®

FA® B,At® C*+ B+, C
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!
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Checking equality of proofs

Problem:
B

e m =g p? Give a sequence of proofs 7 Lo A

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T

FALBLT +HAA FALBLT +FBX

(cut) T 8 (cut) p
FBLrA FB,X FALT X FAA
(cut) (cut)

FTLA Y FTA Y

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T
FALBLT +HAA FALBLT +FBX
n (cut) T *‘> n (cut) p
FBLrA FB,X FALT X FAA
L (cut) - (cut)
FIAY FILA Y

@ Cut-elimination is confluent?

Not at alll
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A BB FALA FCLAC( )
@

@)
FA®B,AL B FAL@)C{A,C( )
cut
FA®B,At® Ct B C

3§ >
(ax) (ax) (ax) (ax)
FALA FctC FALA FBL.B
(®) (ax) £ (®) (ax)
FAAt® CH C FBL,B FA®B,AL B: )—CL,C()
®

(®)
FA®B,At® Ct B, C FA® B,At® Ct B+ C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the right one?

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A BB FALA FCLAC( )
@

(®
FA®B,AL BL FALe CL A C
(cut)
FA®B,At® Ct B C

3§ x
(ax) (ax) (ax) (ax)
FALA FctC FALA FBL.B
(®) (a%) £ (@) (ax)
FAAL®CHC )—BJ-,B() FA®B,AL B )—CJ-,C()
® ®
FA®B,At® Ct B, C FA® B,At® Ct B+ C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the right one?

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...

But confluence up to rule commutation!
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Intuition: Confluence up to in distributivity

Exercices from junior high school: distributivity of x over +

X(b+c)—(axb)+(axc
(b+c)xa—(bxa)+(cxa)

Not confluent:

(a+b)><(c+d)
ax(c+d)+bx( c+d) (a+b xc+(a+b)xd
(a><c+a><d)+b><(c+d\ a><c+b><c)+(a+b)><\
\ (c+d)+(bxc+bxd) \a)+b)><c+(a><d+b><d)
(axc+axd) +(b><c+b><d (axc+bxc)+(axd+bxd)

But confluent up to associativity and commutativity of +
13/21



Rule commutations (from a list of cases)

p T

FA DA FBX

FC,T FA®B,D,AX
FARB,C®D,I,AL

(®)

(®)

4 T
- FB,C,A FB,D,A
AT FB,C&D,A
FA®B,C&D,T,A

(®)

— (T
FTMJ()

——— (7
FT,A®B,T,A

s P
FC, I FADA

- T
H FacebDr,A FB,Y
FA®B,C®D,IA,X

(®)

(®)

T P s T
FAT FBCA FAT +B,D,A
H T A~ ® e — (®)
FA®B,C,I,A FA®RB,D,T,A
&
FA®RB,C&D,T,A ®)

— M

FT,24,72A,T
(7

FT,?A,T

—

— (T ™
FT,AT FB,A
FT,A®B,TA

. and many many many more ...
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Rule commutations (from a list of cases)

p T by P
HAD,A FBYX FC, T FADA
— (@) |y —— (&) T
FC,T  +FA®B,D,A,Y FAC®D,T,A FB,x
® ®
FAwB.CoD AL FA@B CoDnAL )
o, rraazar
FT,?2A,T H ' ?
FT,?2A,T
7(1') s
— (7 FT,AT -B,A
FT,A®B,T,A H (®)
FT,A®B,I,A

. and many many many more ...

Non-trivial: / merges sub-proofs

14 /21



Rule commutations (from a list of cases)

p T by P
FADA FBY FC.T FAD,A
—oTT T e ) T
FC.T  FA@B.D.AY FAC@D.TA - B,Y
FA®B CoDl.AY O CA®B. CoDlAY O

— (T
FT,24,2A,T
B

Froar )
FT,?2A,T

- T ™
—(T) FTAI(> FB,A
FT,A®B,T,A H (®)
FT,A® B,T,A

. and many many many more ...

Non-trivial: / merges sub-proofs

r Tricky: produces / deletes rules and sub-proofs
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Rule commutations (from a general method)

—

— ¢

coming from:

. — ()
E
very pair )

———— (cut) Bc/m %) ———— (cut)
)

~ #|rules|?> commutations — 93 equations in LL!
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Rule commutations (from a general method)

Every pair (<) H () coming from:
— (" (s)
— () — ()
. ) .
com Cop,
— (eut) — T, (cut)
— (9) — (r
- r - (

~ #|rules|?> commutations — 93 equations in LL!

e HC =g
@ ( is the usual (cut-free) commutations without ! — ?. and | — 7,
i Vs Vs Vs

- A,?B,7B,7T - A,?B,7B,7T F AT F AT
T — 2 2 —— ( — (%
FaB B Y A razsaw (9 and T O H o Cazear Y
— —— — (7, —

A 0 YRT- R Ciaze T YRR
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Proving Confluence up to

Definition: Church-Rosser modulo

— is Church-Rosser modulo an equivalence relation — when:

/\/”*
\/

How to prove it? Several theorems in rewriting theory. Usual hypotheses:
strong normalization of — -4 & closing some diagrams
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Proving Confluence up to

Definition: Church-Rosser modulo

— is Church-Rosser modulo an equivalence relation — when:

/\/”*
\/

How to prove it? Several theorems in rewriting theory. Usual hypotheses:
strong normalization of — -4 & closing some diagrams

*

Difficulties:

@ 1 is too difficult to manipulate, we prefer

@ — - I is not strongly normalizing!
16 /21



— - H is not strongly normalizing!

() ()
F XL X F XL X
) (v ev—)
Cximx . H ExLm X P X),IXE 9 X) T
! T ! 2
Fixtax)  Faxtex)T Fi(Xt 2 X) FAXt @ X), T
(cut) (cut)
FT FT
—
Fxbx @ r
, - () T o
) ———— PTT— Fxtx FrXteX),T
Pxtx L Exbax PICe 0T ., ax @ e x)ax et
CXLmx Fixt R X) Xt e X)(xtex), T e EXBX XXX eX).T
T ! T (cut) (X7 X) F2AXteX), T
FixtmX) Faxtex), T (cut)
T (cut) =T

We even have an infinity of key cut-elimination cases!

The problem comes from the production of rules / sub-proofs.
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Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.
Theorem 2.2 from [AT12]

Let H, — and ~ be relations such that - is symmetric and ~ C .
Suppose:

— « ~" s strongly normalizing

— = C (U~ (U )

H-—= C (H-(+=U«))U(= (= U~)* (U «~)¥)
Then — is Church-Rosser modulo .
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Confluence up to rule commutation — SN

Proposition

Set ~ the rule commutations without T-commutations in the direction
“creating rules”, plus the cut-cut step of cut-elimination.

Then - - ~* is strongly normalizing, with —— = (i> without cut-cut).
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Confluence up to rule commutation — SN

Proposition

Set ~ the rule commutations without T-commutations in the direction
“creating rules”, plus the cut-cut step of cut-elimination.

Then - - ~* is strongly normalizing, with —— = (i> without cut-cut).

Strong Normalization Property
for Second Order Linear Logic

Abstract

w:e This paper almost do it [PT10].

“Just” check that some additions at the
start go through the 61 pages of this
technical proof using non-standard
proof-nets!
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Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]

Let -, — and ~ be relations such that - is symmetric and ~ C .
Suppose:

— - ~* js strongly normalizing

— = C (mU~H (U )

H:- = C (H(cU))U (= (o U~)H (U )
Then — is Church-Rosser modulo .
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Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Theorem 2.2 from [AT12]
Let -, — and ~ be relations such that - is symmetric and ~ C .
Suppose:

— - ~™ s strongly normalizing

H— —C (U~ (U«

H:- = C (H(cU))U (= (2 U~m)H (U «))
Then — is Church-Rosser modulo .

18/21



Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Proof.
/$ 1 72 >
| cut steps)x
#(cut steps)2 / \ . \ #( p )
5 N 'L« “m #(commutations)
A #|rules|* cases \v“ . X . 5
S NS N N ~ #|rules|® cases
WO mm

Ol
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Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Proof.
/$ 1 72 >
| cut steps)x
#(cut steps)2 / \ . \ #( p )
5 N 'L« “m #(commutations)
A #|rules|* cases \v“ . X . 5
S NS N N ~ #|rules|® cases
WO mm

]
Thousands of similar cases to check

— horrible and tedious with pen and paper, better in a proof assistant!

But the exchange rule overcomplicates everything. ..
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Confluence up to rule commutation

Theorem (Proved in MALL [CP05; DL23]; not yet written for LL)

Cut-elimination is Church-Rosser modulo rule commutation.

Corollary: Equality on cut-free proofs
Between cut-free proofs, =4 is exactly 1.

=
cut-free proofs ﬁ
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Consequences & Avail

@ “Bureaucracy’: have to order all rules, but some order does not
matter and no canonical choice
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Consequences & Avail

@ “Bureaucracy’: have to order all rules, but some order does not
matter and no canonical choice

@ Proof-nets: identify proofs exactly up to rule commutation

» | is equality of graphs

» cut-elimination is confluent
and has only key steps

» defined only in some
sub-systems of LL

Proof Trees Proof-Nets

19/21



I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p?
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I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p?

Sub-system Complexity of Proof Equivalence
ALL in P [Heill] (using proof-nets)
unit-free MLL in P (using proof-nets)
unit-free MALL in EXPTIME [HGO05; HG16] (using proof-nets)
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Sub-system Complexity of Proof Equivalence
ALL in P [Heill] (using proof-nets)
unit-free MLL in P (using proof-nets)
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I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p?

Sub-system Complexity of Proof Equivalence
ALL in P [Heill] (using proof-nets)
unit-free MLL in P (using proof-nets)
unit-free MALL in EXPTIME [HGO05; HG16] (using proof-nets)
MALL decidable (finite number of cut-free proofs)
LL undecidable (reduces to provability)
Lemma
FIAQ T, T ) i FIA®Q T, T )
A® 1 (@) A® T, (@) < A is provable
FIAQ T, T T FIAQ T, T T
Proof.
A provable — use its proof to find a sequence of commutations

A not provable = can compute the full equivalence class (3 proofs) [

20/21



We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination

*

7T77—)T n-normal

N ~

G----- > m-normal

(holds without 2" order quantifiers)
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We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination

@ One may want , yielding even more cases!
7r i
FA?B,?B,T HA7?B,?B, T
[ _ _— (%
HIA?B,?B, 7T “ = FA?B,T ()
7c e ———
HIA?B, T () HIA?B, T ®
s 7r
AT FAT
" = 5550 (W
HIA T = FA?B,T
— (% —
HIA?B, T () HIA?B, T ®
TB TC
FA[B/X],T S = HA[C/X],T . when mg and w¢ are “witness irrelevant”
F3X AT F3X AT
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We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination
@ One may want , yielding even more cases!

@ One may want other rewritings, with interactions to check

v
- ?A,T
- (?W
- 7A,7A,T
F?A T

) T
R AT
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We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination
@ One may want , yielding even more cases!

@ One may want other rewritings, with interactions to check

v
- ?A,T
- (?W
- 7A,7A,T
F?A T

) T
R AT

Thank you!

21/21
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Back-Up: Rule Commutations & Provability

Lemma
FaeT.T " . FiaeT T
ikl (@) sl Ak (@,) < A s provable
FIART, TeT FIART, TOT
Proof.

¢ If Ais provable ( <= !A is provable)

) (Ta)
S FIA  FTaT FIA  FTaT
FIAQ Ta, T L T @ ——————— (©®
TP @) FIAQ Ta, T FIAQ Ta, T
FIAQ TA, T&T — 2 (@) — (@)

FIAQ TA,TOT FIAQ Ta,T@®T

T
}—TA,T(A) S

— % ey FIA FTaTeT
H FA FTaTeT 0H .
(®) FIAQTa, TOT
FIA® TAT®T

(®)
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Back-Up: Rule Commutations & Provability

Lemma
FaeT.T " . FiaeT T
ikl (@) sl Ak (@,) < A s provable
FIART, TeT FIART, TOT
Proof.

¢ If A is not provable ( <= !A is not provable)
We can compute the full equivalence class in this case:

M (Ta) @)
FIA®TAT (T) FIAT ETa FIA T
: ? ——— (& — (T
A ey H T FAeTAT O H FaTeT & FT. Y
FIAQ TATOT — = A () ®
FIA@TATOT FIAQTATOT

Remark we use !A instead of A to prevent commutations in _ |4 T (M as
* )
l'is the sole rule not commuting with T
L]
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~

B

Proofs T of AF B and p of BF A such that

P
— —— (ax
AI—B B}_A(cut)_WOAI—A() and BFA A}_B(cut)_ﬁnoBl—B( )
AEA B+ B
Conjecture
Associativity A (B C)~(A®B)® C AB(B®RC)~(ABB)%®C
A (BoC)~(A®B)a C A& (B&C)~ (A& B)& C
Commutativity ARB~B®A ARB~B7W®A AbB~B®A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 ART ~T
See (A& B)~1A® B (A® B)~ 1A% B
Y ITe1 0~ 1
" VX(A&B)~VX A&VX B 3X(AeB)~3IX AcIX B VX T ~T IX0~0
Quantifiers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that

P
AI—B B}—A = (ax) BEFA A}—B = ——— ()
ARB BEA 5 To AF A and BFA AFB =80 BFB
AFA BF B

Conjecture

o A (B C)~(A®B)® C Aw@wcﬁqumwc
Associativity A (BoC)~(A®B)®C &(B&C)~ (A& B)&C
Commutativity ARB~B®A ABB~BRA AébB Ba& A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 AR T ~T

| (A&B)~1A® B WAGB)~ AR B
Seely IT~1 0~ 1
Quantif VX(A&B)~VX A&VX B 3X(A® B)~3X Ac3X B VX T~T IX0~0
uantimers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A

With the ! — 7., I — 7, and ?. — 7, commutations and reductions

™ ™ ™ ™ ™
=A?B, 7B, =A?B, 7B, =AM AT F2AT "
— T q — (% — _ T 7
FlA,?B?B,?I'U =A?B, ) F!A?F() = FA,?B.?I'( ) F?A,?A,I'( I F7?AT
— (% — 7 ! .
1A 7B, 9 F1A,7B, 7T ® 1A 7B, T ) F1A,?B, 7T =2?AT
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~ B
Proofs T of AFE B and p of B+ A such that

p
(ax) — 0y == ()
Al B B%A(Cut),ﬁnoAFA and BFA AHa(wt),ﬁm,BHB
AFA B+ B

Conjecture

o A@(B@C):(A@B)@C AB(BRC)~(ABB)%®C
Associativity Ad(BaC)~(A®B)a® A& (B&C)~(A&B)&C
Commutativity AoB~BoA A?&B BWA ADB=~BoA ALB=B&A
Neutrality ARl~A AL ~A AB0~A A&LT~A
Distributivity AzBaCO)=~(AeB)a(An Q) AR (B&C)=(ABB)&(ABC)
Annihilation A0~0 AT ~T
o (A&B)~1A® B A©B)~ A% B
iikd IT~1 0~ 1
Quantf VX(A&B)~VX A&VX B 3X(A®B)~3X A5 3X B VX T=T IX0~0
uantiers VX BRA~VYX(BBA)}  IXB®A~IX(BRA) VXYY A~VYVX A 3XIY A~3YIX A
Optional VX A~ AT 3IX A~ A 1~ 14 0o~ T®
* if X not free in A

B e '_ﬂ—r ; (mixo) -

+ i AIB/X],T - = FA[C/X],T o tif ) = BT

F3X AT F3X AT Fr

when 7 is “witness irrelevant” — (@

& with =T 2121
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