Confluence of Cut-elimination up to
Rules commutations in Linear Logic

Rémi Di Guardia
Syntax Meets Semantics, 8 January 2026
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Syntax Semantics

o Identity of proofs / terms:
when are two proofs equal?
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Syntax
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@ Syntactic equality
X too constraint: 2+2# 143

@ Equality up to

@ Observational equivalence

@ Equality up to rules
commutations

o Identity of proofs / terms:
when are two proofs equal?

o Some order does not matter:

+AB,C,D

FAB,C,D

) v
FAB,CVD  ~ FAVB,C,D

(v)

v)
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v)
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X too constraint: 24+2 # 1+ 3 when are two proofs equal?

@ Equality up to

@ Observational equivalence

@ Equality up to rules o Some order does not matter:
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Syntax Semantics

@ Syntactic equality o Identity of proofs / terms:
X too constraint: 2+2 # 1+ 3 when are two proofs equal?

@ Equality up to

@ Observational equivalence

@ Equality up to rules o Some order does not matter:
commutations FAB,CD ) FABCD o
FABCVD  ~ FAVB,C,D

v) V)
FAVB,CVvD FAVB,CVvD

In Linear Logic equality up to
is exactly equality up to rules commutations!

Why LL? fine-grained enough for this to be relevant, LK equates all proofs
Motivations:

@ instance of when are two morphisms in a category equal?

@ relevant for isomorphisms: when are two formulas A and B equal?

@ useful when looking for a canonical representative: proof-nets!
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Plan

» Equality of terms up to -reduction in \-calculus

» Equality of proofs up to cut-elimination in Linear Logic

@ Quick sketch of Linear Logic
@ Why is equality more complicated than in A-calculus?
@ Linking cut-elimination and rules commutations
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Simply typed \-calculus

Terms Types

M,N = x| Ax.M|MN AB = O|A—B

B-reduction (Ax.M) N 25 M{N/x}

1-expansion M 5 (x.M x)
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Simply typed \-calculus

Terms Types
M,N = x| Ax.M|MN AB =0|A—B

B-reduction (Ax.M) N 25 M{N/x}

1-expansion M 5 (Ax.M x)

Syntactic equality is usually not enough:
@ Church encoding: n:= A . x.ff ... f x
—

n times

2 + 2 should be equivalent to 2 + (1 + 1)

e Quotient in category / denotational model:
M =g N = [M] = [N]

— a useful notion of equality is up to computations = 31 equivalence

Here: only equality up to [3-reduction (the most interesting)
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Checking equality of terms
Problem:

@ M =3 N? Give a sequence of terms ML Ly P 8N
@ M #z N7 Prove such a sequence cannot exist!
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Checking equality of terms

Problem:

e M=3N? GiveasequenceoftermsM&'i%i%-wiN

@ M #z N7 Prove such a sequence cannot exist!

Key results:
@ [ is strongly normalizing )*/ %

(no infinite sequence of reductions)

* *
@ (3 is confluent \‘ ’/

Corollary
M= N < B(M) = B(N)
with 3(-) the unique normal form of the term
Examples
24242+ (1+1) 2+2- 5 4#38 241
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Plan

» Equality of proofs up to cut-elimination in Linear Logic

@ Quick sketch of Linear Logic
@ Why is equality more complicated than in A-calculus?
@ Linking cut-elimination and rules commutations
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Linear Logic

Formulas

AB = | X| Xt atom
|ABB|A®B|L]|1 multiplicative
|A®@B|A&B|0|T additive
| 7A | 1A exponential
[IVX A|3IX A quantifier

Involutive Negation / Orthogonality

(XH)F=x
(AB)t=At@Bt (AeB)t=At%mBt 1t=1 1t=1
(ApB)r =AL& Bt (A&B)r=AteBt 0t=T Tt=0
A =1AL (1At =24t (WX At =3x AL (3X AL =vx AL
Sub-systems

@ MLL = atom + multiplicative

o MALL = atom + multiplicative + additive

o ... 7/25



16 Rules of Linear Logic

FALT FAA

(ax) (cut)

AL A FTLA
FAB,T FAT FBA ET
— (%) (®) — (1) — (1)
-FARB,T FA® B,T,A 1T F1
FAT +FB,T N AT FB,T .
FA&B,T (&) FA@B,F(I) I—A@B,F(Z) D—T,F()
AT - ?A,7A,T T AT
(?d) ———— (%0) (?w) Q)
F?A,T F?A, T F?A,T FI1A T
FAT HA{B/X},T
X not free in I _ (3

—_— (v
FVX AT F3X AT
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FALT FAA
(ax) (cut)
AL A T, A
FAB,T FAT FBA ET
— (?) (®) — (1) — (1)
FA®B, T FA®R B, T,A FL, T 1
FAT BT AT - B,T
(&) _ ——— (®2) (T)
FA&B,T -A® B, T FA®B,T FT.T
AT - 2A?A.T T AT
(7d) — ( (?w) O
F?A,T F?A, T F?A,T FI1A T
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16 Rules of Linear Logic

FALT  FAA
(ax) (cut)

FAL A FT,A
FAB,T FAT FBA ET
— (@) ® ——w — Q)
FA%®B,T FA®B,T,A FLLT F1
FAT FB,T . FAT +B,T
—— (& —— (D T
FA&B,T (&) FA@B,F(I) I—A@B,F(Z) I—T,I’()
FAT F?A,7A,T -T AT
(rd)  ———— (20 (7w) (")
AT F?A,T AT 1A, 2T
FAT - A{B/X},T
X not freein I ——— (V _—— (3
FVX AT F3X AT

Curry-Howard isomorphism: (-reduction ~ cut-elimination
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Cut-elimination - 9 Key steps (Computations)

ax

?d -1

7c—!

w1

AL A

(ax)

s P
FBLT  FALT

FBL& AT

.
=AA

FaeB.a ™

=T,
™ P

FBLT  FALT
FBL&ALT

X (cut)
-
=B, A
A (@2

ET,
T
=ALT
F?A-T

F?A‘,.?A‘.I'

F2AL T

(cut)

A

P

?
ooy A
F1A70
Fr.on

P
FA?A
1A, 7A

c
)

(cut)

=r,7A

X not free in

FVX AL T
F

)
FAA
F1A7A
FT7A
p
- A[B/X], A

F3IXAA
(cut)

0]

(cut)

ra

5

" T
FBLALT FBX

AT

(cut)
FALT Y

LAY

™

Fr

T
HAA

(cut)

P
FALT
Fr.A

s
BT
FT,A

-
FB,A
(cut)

s p
FALT  FA?A
(cut)
FT,7A
P
x FAA
T 0
F2AL 24T FIAA
F2AL T, 78

P
A

" (cut)

FT,?240,74

™
Fr

— ()
FT,7A

w[B/X] p
FAB/X]L T FAB/X],A
FT,A

(cut)
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Cut-elimination - 15 Commutative steps (To key)

4 P
FALBLT  FAA
FBLT.A
FIAY

(cut)

p

—® I
AL BB CT FAA
(cut)

FB®RCT.A

AT W
FAL LT A
LA

ks P
AL BT FALCT

(&) T
FALB&C.T FAA
FB&C,T.A
4
FAL BT

-

=

-

-

FALT T FAA

™ P
FALB.CT FAA

FB,C.T,A
FB’?C.F.A(

T T
FAL BT FAL
FB,I T A

7
FALCA FAX

FB®C.IA L

FLlrAa

m T
AL BT FAA

-
+B.X
(cut) »

FT.Ax (e

(cut)

)

(cut) 4

FB®C AL
»

(cut)
FC.A X
(®)

P
FAA

(cut)

(€5

u r
AL CT FAA

(cut)

F B, A C,.r.a

(&)

FB&C.T,A

AL ?B,7B,T
—

™
- AL, B[C/X],T
TAL PR S

— (M 7
AL T.T FAA
FT,IA

A+ BT

—— 7 () P

AL ?B,T FAA
F7?B,T.A

(cut)

7¢) P

.

FALT
—_— (w) 4
AL 7B, T FAA
(cut)
AN

s p
F?A+ BT o = AA

= Al
F2A+ 1B, T IA7A 0

(cut)
=1B, M, 7A

kAL BT
s (w 4
FALYX BT FAA
— " (eut)
VX B,T.A

N B, ———— (T
() —7 FT,IA

)

™ p
FALBT FAA

FBI.A (e

L P

FAL?B2B.T FAA
7?B,7B,I, A
F?B,T, A

(cut)

(7¢)

T P

FALT FAA
FTA

F7?B,T.A

(cut)

(7w)

»
. FAA

F?4L BT FIAA
F B 7A
BTN

0]

<ut)

™ o

FALBT FAA
FB.TA

"FVXB.r.A

(cut)

)

F AL BIC/X],T  FAA
F B[C/X]T, A

s r A O
F3X B,I A

* X not free in ...
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Cut-elimination - 15 Commutative steps (To key)

(cut)

FIAY

RSl ) P
AL BBC.T FAA

cut)

FB®RCT.A ()

AT
(€3]
FAL LT HA,
(cut)
LA
s P
AL BT FALCT
— @ T
FALB&C.T FAA
_ " ()
FB&C,T.A ()

4
FAL BT

-

=

-

-

FALBLT FBX
FALTE
Fras

(cut) 4

(cut)

™ P
FALB.CT FAA

FB,C.T,A

FB’?C.F.A(

(cut)

)

™ T
FALBT FAX B
FBI.T FCA
FB@C. AT

(cut)

» r

. FALCA FATX

- B.T FC.AT
FB®@C.ILAL

(cut)

(®)

w P
FALT FAA
ErA
FLlrAa

(cut)

(€5

u r
AL CT FAA
cr.a

m T
AL BT FAA
(cut)
FB.T,A

(&)

FB&C.T,A

—_m T
AL T.T FAA

FT.LA
AL BT
AL p
FAL?B,T FAA
— ()
F?B,T,A
AL ?B.7B,T
AER »
(cut)
™
FALT
—_— (w) 4
AL 7B, T FAA
(cut)
AN
™ »
F?A+ BT o = AA
AL FAR
I 74,18, 7T A "
(cut)
E 1B, M, 7A
kAL BT
s 14
FALYX BT FAA
FYX B.MA (e
w
- AL B[C/X],T
MRS Zhar L »
kAL 3X B.T A,
(cut)
F3X B.T.A

N B, ———— (T
() —7 FT,IA

)

™ p
FALBT FAA

FBI.A (e

L P

FAL?B2B.T FAA
7?B,7B,I, A
F?B,T, A

(cut)

(7¢)

T P

FALT FAA
FTA

F7?B,T.A

(cut)

(7w)

»
. FAA

F?4L BT FIAA
F B 7A
BTN

0]

<ut)

™ o

FALBT FAA
FB.TA

"FVXB.r.A

(cut)

)

n
F AL BIC/X],T  FAA
F B[C/X]T, A
—_— (3
F3X B.IA (

* X not free in ...
10/25



Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL )—CL,C()
®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C
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Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL I—CL,C()
2 ®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C

(ax)
FA AL Fctc
— () —— @)
FALA FAAL® CL C
FAAL®CL C (e

(ax)

B, Bt

FA® B,Ate Ct Bt C

(ax)

(®)
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Cut-elimination on an example

(ax) (ax) (ax) (ax)
FAL A + B, Bt A AL I—CL,C()
2 ®

(@)
AL A® B, B+ FA,AL®CL,C( )
cut
FA® B,At® Ct BL C

(ax)

(ax)
F A, AL Fct,c
— () (®)
FAL A I—A,AL®C{C( )
cut) (ax
FAAL® CL C FB, Bt

(®)
FA® B,Ate Ct Bt C

Q)\@!

(ax) (ax)
FA AL FCt,C
(®) (ax)
FA AL CL C PB,BL()
®

FA® B,At® C*+ B+, C
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Plan

» Equality of terms up to -reduction in \-calculus

» Equality of proofs up to cut-elimination in Linear Logic

@ Why is equality more complicated than in A-calculus?
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!
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Checking equality of proofs

Problem:
B

e m =g p? Give a sequence of proofs 7 Lo A

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T
FALBLT +HAA FALBLT +FBX
n (cut) T *‘> n (cut) p
FBLrA FB,X FALT X FAA
L (cut) — (cut)
FIAY FILA Y

— let’s just ignore those for now

@ Cut-elimination is confluent?
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Checking equality of proofs
Problem:
o m =g p? Give a sequence ofproofsw& NI N ——p

e 7 #3 p? Prove such a sequence cannot exist!

Can we do the same as in \-calculus?

@ Cut-elimination is strongly normalizing?
Almost: an infinite reduction has an infinite suffix made only of

™ P ™ T
FALBLT +HAA FALBLT +FBX
n (cut) T *‘> n (cut) p
FBLrA FB,X FALT X FAA
L (cut) - (cut)
FIAY FILA Y

— let’s just ignore those for now

@ Cut-elimination is confluent?

Not at alll
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A BB FALA FCLAC( )
@

@)
FA®B,AL B FAL@)C{A,C( )
cut
FA®B,At® Ct B C

3§ >
(ax) (ax) (ax) (ax)
FALA FctC FALA FBL.B
(®) (ax) £ (®) (ax)
FAAt® CH C FBL,B FA®B,AL B: )—CL,C()
®

(®)
FA®B,At® Ct B, C FA® B,At® Ct B+ C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the right one?

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...
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Cut-elimination is not confluent!

(ax) (ax) (ax) (ax)
FAL A BB FALA FCLAC( )
@

(®
FA®B,AL BL FALe CL A C
(cut)
FA®B,At® Ct B C

3§ x
(ax) (ax) (ax) (ax)
FALA FctC FALA FBL.B
(®) (a%) £ (@) (ax)
FAAL®CHC )—BJ-,B() FA®B,AL B )—CJ-,C()
® ®
FA®B,At® Ct B, C FA® B,At® Ct B+ C

Irreversible choice at the beginning:
first commutative case with the left ®-rule or with the right one?

No confluence even in the simplest sub-systems: unit-free MLL, ALL, ...

But confluence up to rules commutation!
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Intuition: Confluence up to in distributivity

Exercices from junior high school: distributivity of x over +

X(b+c)—(axb)+(axc
(b+c)xa— (bxa)+(cxa)
Not confluent:

(3+b)X(C+d)

ax(c+d)+bx( c+d) (a+b xc+(a+b)xd

(a><c+a><d)+b><(c+d\ a><c+bxc)+(a+b)><\

><c+d)+ (bxc+bxd) +b)><c+(a><d+b><d)

(axc+axd) +(b><c+b><d (axc+bxe)+( a><d+b><d

But confluent up to associativity and commutativity of +
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Rules commutations (from a list of cases)

p T

FA DA FBX

FC,T FA®B,D,AX
FARB,C®D,I,AL

(®)

(®)

4 T
- FB,C,A FB,D,A
AT FB,C&D,A
FA®B,C&D,T,A

(®)

— (T
FTMJ()

——— (7
FT,A®B,T,A

s P
FC, I FADA

- T
H FacebDr,A FB,Y
FA®B,C®D,IA,X

(®)

(®)

T P s T
FAT FBCA FAT +B,D,A
H T A~ ® e — (®)
FA®B,C,I,A FA®RB,D,T,A
&
FA®RB,C&D,T,A ®)

— M

FT,24,72A,T
(7

FT,?A,T

—

— (T ™
FT,AT FB,A
FT,A®B,TA

. and many many many more ...
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Rules commutations (from a list of cases)

p T by P
HAD,A FBYX FC, T FADA
— (@) |y —— (&) T
FC,T  +FA®B,D,A,Y FAC®D,T,A FB,x
® ®
FAwB.CoD AL FA@B CoDnAL )
o, rraazar
FT,?2A,T H ' ?
FT,?2A,T
7(1') s
— (7 FT,AT -B,A
FT,A®B,T,A H (®)
FT,A®B,I,A

. and many many many more ...

Non-trivial: / merges sub-proofs
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Rules commutations (from a list of cases)

p T by P
FADA FBY FC.T FAD,A
—oTT T e ) T
FC.T  FA@B.D.AY FAC@D.TA - B,Y
FA®B CoDl.AY O CA®B. CoDlAY O

— (T
FT,24,2A,T
B

Froar )
FT,?2A,T

- T ™
—(T) FTAI(> FB,A
FT,A®B,T,A H (®)
FT,A® B,T,A

. and many many many more ...

Non-trivial: / merges sub-proofs

r Tricky: produces / deletes rules and sub-proofs
16 /25



Rules commutations (from a general method)

—

— ¢

coming from:

. — ()
E
very pair )

———— (cut) Bc/m %) ———— (cut)
)

~ #|rules|?> commutations — 93 equations in LL!
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Rules commutations (from a general method)

Every pair (<) H () coming from:
— (" (s)
— () — ()
. ) .
com o,
— (eut) — T, (cut)
— (9) — (r
- r - (

~ #|rules|?> commutations — 93 equations in LL!

e HC =g
@ ( is the usual (cut-free) commutations without ! — ?. and | — 7,
i Vs Vs Vs

- A,?B,7B,7T - A,?B,7B,7T F AT F AT
T — 2 2 —— ( — (%
FaB B Y A razsaw (9 and T O H o Cazear Y
— —— — (7, —

A 0 YRT- R Ciaze T YRR
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Plan

» Equality of terms up to -reduction in \-calculus

» Equality of proofs up to cut-elimination in Linear Logic

@ Linking cut-elimination and rules commutations
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Proving Confluence up to

Definition: Church-Rosser modulo

— is Church-Rosser modulo an equivalence relation — when:

/\/”*
\/

How to prove it? Several theorems in rewriting theory. Usual hypotheses:
strong normalization of — -4 & closing some diagrams
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Proving Confluence up to

Definition: Church-Rosser modulo

— is Church-Rosser modulo an equivalence relation — when:

/\/”*
\/

How to prove it? Several theorems in rewriting theory. Usual hypotheses:
strong normalization of — -4 & closing some diagrams

*

Difficulties:
e Fis too complex, we prefer |

@ — - I is not strongly normalizing!
19/25



— - I is not strongly normalizing!

(ax)

— (a) o =M Xt X
E XL X F(Xt@X), T — (%) ) — o=
Cxiax D ex) e T ), XX FXLaX e T
PXAX . Ce0 T ixtax | FIXERX) PAXTeX) (Xt ex) T
Xt 7 X) FAXteX), T ! (cut)
(cut) X7 X) FAXteX), T
=T (cut)
FT
i
— () —— ()
F XL X . ™ X+t X
FXEEX FNXl@X)NXL®X%T(” EXEaX o
FI(X 3 X) F2xtex),T H Fixiex) - FrxteXx).T
(cut) (cut)
FT FT

We have an infinity of key cut-elimination cases!

The problem comes from the production of rules / sub-proofs.
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Confluence up to rules commutation

Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.

Theorem (inspired from Theorem 2.2 in [AT12])
Let HH, — and ~ be relations such that H is symmetric and ~ C .
Set = = — U ~~. Suppose:
— « ~" s strongly normalizing
— o = e
if al—H b — c then either:
° a—>~:>*~}i|~*<:C
or B
e a— - =" . H-*<-+b—c
Then — is Church-Rosser modulo 4.
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Cut-elimination is Church-Rosser modulo rules commutation.
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Set = = — U ~~. Suppose:
— - ~* s strongly normalizing
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or B
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Then — is Church-Rosser modulo 4.
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Confluence up to rules commutation — SN

Proposition

Set ~ the rules commutations without T-commutations in the direction
“creating rules”, plus the cut-cut step of cut-elimination.

Then - - ~* is strongly normalizing, with —— = (i> without cut-cut).
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Confluence up to rules commutation — SN

Proposition

Set ~ the rules commutations without T-commutations in the direction
“creating rules”, plus the cut-cut step of cut-elimination.

Then 25 . ~* is strongly normalizing, with = (i> without cut-cut).

Strong Normalization Property
for Second Order Linear Logic

v [PT10] almost do it
“Just” check that some additions at the

start go through the 61 pages of this
technical proof using non-standard
proof-nets!
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Confluence up to rules commutation

Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.

Theorem (inspired from Theorem 2.2 in [AT12])
Let -, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~. Suppose:
— - ~* js strongly normalizing
s R PR
if al— b — c then either:
e a— - -=>F.H.-*=c
or
e a— - =>F. |H *<.«—b—oc

Then — is Church-Rosser modulo .
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Confluence up to rules commutation

Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.

Theorem (inspired from Theorem 2.2 in [AT12])

Let -, — and ~ be relations such that - is symmetric and ~ C .
Set = = — U ~. Suppose:
— - ~™ s strongly normalizing
H« —>C="H *<
if al— b — c then either:
e a—-=F .- -*<=¢
or
e a—~ =% H- "<+ b—c

Then — is Church-Rosser modulo .
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Confluence up to rules commutation
Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.

Proof.

#(cut steps)?
~ #|rules|? cases

1 H Wzi)ﬂe,
=l F)
T & ™ F(cut steps)x
>3 (1_,"/ i
L #(commutations)
or ~ #|rules|? cases

B8
M1 T2——— 73
, \
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Confluence up to rules commutation
Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.

Proof.
. B
1 T2——73
= =
(YA Y Y
#(cut steps)? / \‘ S i
~ lrules? cases ol r. _ fw |  ‘m<  #(commutations)
NANTyEY or ~ #|rules|? cases
Ty=-=--- > o 5
T H T2 ——73
/Qfll J K \Q,J\
) 0

Thousands of similar cases to check
— horrible and tedious with pen and paper, better in a proof assistant!
But the exchange rule over-complicates everything. . . 22



Confluence up to rules commutation

Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)
Cut-elimination is Church-Rosser modulo rules commutation.
We still need to add the cut — cut cut-elimination step back.

Proposition

. Equality up to
Equality up to quaitty up |
R cut-elimination
cut-elimination )
without cut-cut
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Confluence up to rules commutation
Theorem (Proved in MALL [CP05; DL23]; in redaction for LL)

Cut-elimination is Church-Rosser modulo rules commutation.
We still need to add the cut — cut cut-elimination step back.
Proposition

Equality up to
= cut-elimination
without cut-cut

Equality up to

cut-elimination

Proof.

Follows from:
@ strong normalization of 2 . £ with 4 a cut-cut commutation

c
T T2
) )
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Confluence up to rules commutation

Theorem (Proved in MALL [CPO05; DL23]; in redaction for LL)
Cut-elimination is Church-Rosser modulo rules commutation.

We still need to add the cut — cut cut-elimination step back.
Proposition

Equality up to By wp lio

L cut-elimination
cut-elimination .
without cut-cut

Corollary: Equality on cut-free proofs

Between cut-free proofs, =g is exactly =3 which is exactly .

P

cut-free proofs ﬁ
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Consequences & Avail

@ “Bureaucracy’: have to order all rules, but some order does not
matter and no canonical choice

22/25



Consequences & Avail

@ “Bureaucracy’: have to order all rules, but some order does not
matter and no canonical choice

@ Proof-nets: identify proofs exactly up to rules commutation

» | is equality of graphs

» cut-elimination is confluent
and has only key steps

» defined only in some
sub-systems of LL

Proof Trees Proof-Nets

22/25



I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p hold?
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I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p hold?

Sub-system Complexity of Proof Equivalence Method
ALL in P [Heill] through proof-nets
unit-free MLL in P

through proof-nets

unit-free MALL in EXPTIME [HGO5; HG16] through proof-nets
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I is better than =4 but is not “nice”

Proof Equivalence problem: given proofs 7 and p, does 7 4 p hold?

Sub-system Complexity of Proof Equivalence Method
ALL in P [Heill] through proof-nets
unit-free MLL in P through proof-nets
unit-free MALL in EXPTIME [HGO5; HG16] through proof-nets
MALL decidable finite number of cut-free proofs
LL2\T decidable finite number of proofs in a class
LL undecidable reduces to provability
Lemma
FIA® T, T () * FIAQ T, T )
AT, (@) A® 1, (@) < A is provable
FIAQ T, Te T FIAQ T, T T

—> 4 decidable would imply provability decidable, but it is not [Lin95]
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Rules commutations & Provability

Lemma
FAST,T ) s FAST,T .
: ’ (@) i ’ (@) T A is provable
FIAQT, T T FIAQT, T T
Proof.

¢ If A is provable $<:> lA is provable)
We use its proof to find a sequence of commutations:

™) (Ta)
Ao = (M FIA - FTa T FIA  FTaT
FIA®Ta, T L @ —————— ©®
— T2 e F1A® Ta, T F1A® Ta, T
FIARTAT®T — " @) ———— (@)
AR TA T® T FIAR Ta T® T
()
e PR
7@[ . b
H ria FTaTeT O H . @)
(®) FIAQ Ta, TOT

FIAQ Ta, T T
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Rules commutations & Provability

Lemma
FagT.T " . FiagT T
il (@) A® @,) < A s provable
FIAQT, T T FIAQ T, T T
Proof.

¢ If Ais provable ( < !Ais provable)
¢ If Ais not provable ( <= !A is not provable)
We can compute the full equivalence class in this case:

(T) (Ta) (M)
m (T FIA T FTa FIAT
’ ’ ® — (& (T
A0 A ey H T FlaeTaT O H FaTeT & T, ™
FIAQ Ta, TOT FIAQ Ta, TOT

Remark we use !A instead of A to prevent commutations in FIA T (T), as
. )
l'is the sole rule not commuting with T.
]

24 /25



We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination

*

7T77—)T n-normal

N ~

G----- > m-normal

(holds without 2" order quantifiers)
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We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination

@ One may want , yielding even more cases!
7r i
FA?B,?B,T HA7?B,?B, T
[ _ _— (%
HIA?B,?B, 7T “ = FA?B,T ()
7c e ———
HIA?B, T () HIA?B, T ®
s 7r
AT FAT
" = 5550 (W
HIA T = FA?B,T
— (% —
HIA?B, T () HIA?B, T ®
TB TC
FA[B/X],T S = HA[C/X],T . when mg and w¢ are “witness irrelevant”
F3X AT F3X AT

25 /25



We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination
@ One may want , yielding even more cases!

@ One may want other rewritings, with interactions to check

v
- ?A,T
- (?W
- 7A,7A,T
F?A T

) T
R AT
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We may have more than cut-elimination ...

@ Axiom-expansion and its interactions with cut-elimination
@ One may want , yielding even more cases!

@ One may want other rewritings, with interactions to check

v
- ?A,T
- (?W
- 7A,7A,T
F?A T

) T
R AT

Thank you!
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~

B

Proofs T of AF B and p of BF A such that

P
— —— (ax
AI—B B}_A(cut)_WOAI—A() and BFA A}_B(cut)_ﬁnoBl—B( )
AEA B+ B
Conjecture
Associativity A (B C)~(A®B)® C AB(B®RC)~(ABB)%®C
A (BoC)~(A®B)a C A& (B&C)~ (A& B)& C
Commutativity ARB~B®A ARB~B7W®A AbB~B®A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 ART ~T
See (A& B)~1A® B (A® B)~ 1A% B
Y ITe1 0~ 1
" VX(A&B)~VX A&VX B 3X(AeB)~3IX AcIX B VX T ~T IX0~0
Quantifiers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~ B

Proofs T of AF B and p of BF A such that

P
AI—B B}—A = (ax) BEFA A}—B = ——— ()
ARB BEA 5 To AF A and BFA AFB =80 BFB
AFA BF B

Conjecture

o A (B C)~(A®B)® C A?y(B?yC):(A??B)??C
Associativity A (BoC)~(A®B)®C &(B&C)~ (A& B)&C
Commutativity ARB~B®A ABB~BRA AébB Ba& A A&B~B&A
Neutrality ARl~A AR L ~A Ag0~A A&T~A
Distributivity A (BaC)~ (Ao B)® (A C) AB(B& C)~(ARB)&(ABC)
Annihilation A0~0 AR T ~T

| (A&B)~1A® B WAGB)~ AR B
Seely IT~1 0~ 1
Quantif VX(A&B)~VX A&VX B 3X(A® B)~3X Ac3X B VX T~T IX0~0
uantimers VX BBRA~YX(BRA)  3IXB@A~3IX(BRA® VXYY A~VYYVYX A 3XIY A~3YIX A

* if X not free in A

With the ! — 7., I — 7, and ?. — 7, commutations and reductions

™ ™ ™ ™ ™
=A?B, 7B, =A?B, 7B, =AM AT F2AT "
— T q — (% — _ T 7
FlA,?B?B,?I'U =A?B, ) F!A?F() = FA,?B.?I'( ) F?A,?A,I'( I F7?AT
— (% — 7 ! .
1A 7B, 9 F1A,7B, 7T ® 1A 7B, T ) F1A,?B, 7T =2?AT
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ~ B
Proofs T of AFE B and p of B+ A such that

p
(ax) — 0y == ()
Al B B%A(Cut),ﬁnoAFA and BFA AHa(wt),ﬁm,BHB
AFA B+ B

Conjecture

o A@(B@C):(A@B)@C AB(BRC)~(ABB)%®C
Associativity Ad(BaC)~(A®B)a® A& (B&C)~(A&B)&C
Commutativity AoB~BoA A?&B BWA ADB=~BoA ALB=B&A
Neutrality ARl~A AL ~A AB0~A A&LT~A
Distributivity AzBaCO)=~(AeB)a(An Q) AR (B&C)=(ABB)&(ABC)
Annihilation A0~0 AT ~T
o (A&B)~1A® B A©B)~ A% B
iikd IT~1 0~ 1
Quantf VX(A&B)~VX A&VX B 3X(A®B)~3X A5 3X B VX T=T IX0~0
uantiers VX BRA~VYX(BBA)}  IXB®A~IX(BRA) VXYY A~VYVX A 3XIY A~3YIX A
Optional VX A~ AT 3IX A~ A 1~ 14 0o~ T®
* if X not free in A

B e '_ﬂ—r ; (mixo) -

+ i AIB/X],T - = FA[C/X],T o tif ) = BT

F3X AT F3X AT Fr

when 7 is “witness irrelevant” — (@

& with =T 2525
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