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Identity of Proofs in Linear Logic
Identity / Equality of proofs: when are two proofs π and ρ equal?
♦ By Curry-Howard similar to: when are two λ-terms M and N equal?
−→ equality up to cut-elimination / β-reduction =β (at least)

♦ Another quotient on proofs: rule commutation ⊢⊣r
∗

⊢ A,B,C ,D
(`)

⊢ A,B,C ` D
(`)

⊢ A ` B,C ` D

⊢⊣r
⊢ A,B,C ,D

(`)
⊢ A ` B,C ,D

(`)
⊢ A ` B,C ` D

Motivations:
⋆ Quotient in categorical/denotational models
⋆ Canonical representative: proof-nets!
⋆ Relevant for isomorphisms: when are two formulas A and B equal?

Results:
▶ =β = ⊢⊣r

∗
in 2nd order Linear Logic and most of its fragments

(MALL: [Cockett and Pastro 2005]; [Di Guardia and Laurent 2025])

▶ ⊢⊣r
∗

is undecidable in propositional Linear Logic, hence so is =β
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Plan

▶ Confluence of Cut-elimination Modulo Rule Commutation

π

π1 π2

β
∗ β ∗

⊢⊣r
∗

▶ Undecidability of Equality up to Cut / Rule Commutation

π =β ρ ?

π ⊢⊣r
∗
ρ ?
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How to decide =β ?
Problematic: π =β ϕ?
Exhibit a sequence π

β←− · β−→ · β−→ · · · β←− ϕ
or prove such a sequence cannot exist!

Royal Road: (e.g. in typed λ-calculus)

I F
β−→ is strongly normalizing

no infinite reduction sequence π
β−→ · β−→ · β−→ · · ·

A N D
β−→ is confluent

·

· ·
β
∗ β ∗

·
β ∗

β
∗

T H E N
β−→ has the unique normal form property

π =β ϕ ⇐⇒ β(π) = β(ϕ)
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Royal Road for =β in Linear Logic?
β−→ is not strongly normalizing
⊢ A⊥,B⊥, Γ ⊢ A,∆

(cut)
⊢ B⊥, Γ,∆ ⊢ B,Σ

(cut)
⊢ Γ,∆,Σ

β−→
⊢ A⊥,B⊥, Γ ⊢ B,Σ

(cut)
⊢ A⊥, Γ,Σ ⊢ A,∆

(cut)
⊢ Γ,∆,Σ

. . . but infinite reduction sequences have infinite suffixes of such steps!
Let’s ignore this cut-elimination step for now

β−→ is not confluent

but is confluent modulo ⊢⊣r
∗

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(cut)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A
(ax)

⊢ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

β
+ β +

⊢⊣r

How to prove it?

5 / 16



Royal Road for =β in Linear Logic?
β−→ is not strongly normalizing
⊢ A⊥,B⊥, Γ ⊢ A,∆

(cut)
⊢ B⊥, Γ,∆ ⊢ B,Σ

(cut)
⊢ Γ,∆,Σ

β−→
⊢ A⊥,B⊥, Γ ⊢ B,Σ

(cut)
⊢ A⊥, Γ,Σ ⊢ A,∆

(cut)
⊢ Γ,∆,Σ

. . . but infinite reduction sequences have infinite suffixes of such steps!
Let’s ignore this cut-elimination step for now

β−→ is not confluent

but is confluent modulo ⊢⊣r
∗

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(cut)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A
(ax)

⊢ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

β
+ β +

⊢⊣r

How to prove it?

5 / 16



Royal Road for =β in Linear Logic?
β−→ is not strongly normalizing
⊢ A⊥,B⊥, Γ ⊢ A,∆

(cut)
⊢ B⊥, Γ,∆ ⊢ B,Σ

(cut)
⊢ Γ,∆,Σ

β−→
⊢ A⊥,B⊥, Γ ⊢ B,Σ

(cut)
⊢ A⊥, Γ,Σ ⊢ A,∆

(cut)
⊢ Γ,∆,Σ

. . . but infinite reduction sequences have infinite suffixes of such steps!
Let’s ignore this cut-elimination step for now

β−→ is not confluent but is confluent modulo ⊢⊣r
∗

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(cut)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A
(ax)

⊢ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

β
+ β +

⊢⊣r

How to prove it?

5 / 16



Royal Road for =β in Linear Logic?
β−→ is not strongly normalizing
⊢ A⊥,B⊥, Γ ⊢ A,∆

(cut)
⊢ B⊥, Γ,∆ ⊢ B,Σ

(cut)
⊢ Γ,∆,Σ

β−→
⊢ A⊥,B⊥, Γ ⊢ B,Σ

(cut)
⊢ A⊥, Γ,Σ ⊢ A,∆

(cut)
⊢ Γ,∆,Σ

. . . but infinite reduction sequences have infinite suffixes of such steps!
Let’s ignore this cut-elimination step for now

β−→ is not confluent but is confluent modulo ⊢⊣r
∗

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(cut)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(ax)
⊢ B⊥,B

(⊗)

⊢ A⊥,A⊗ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

(ax)
⊢ C⊥,C

(ax)
⊢ A⊥,A

(⊗)

⊢ C⊥,C ⊗ A⊥,A
(ax)

⊢ B⊥,B
(⊗)

⊢ C⊥,C ⊗ A⊥,A⊗ B⊥,B

β
+ β +

⊢⊣r

How to prove it?

5 / 16



Confluence modulo? What’s that?
Exercises from junior high school: distributivity of × over +

a× (b + c)→ (a× b) + (a× c)

(b + c)× a→ (b × a) + (c × a)

Only confluent modulo associativity and commutativity of +

(a+ b)× (c + d)

a× (c + d) + b × (c + d) (a+ b)× c + (a+ b)× d

(a× c + a× d) + b × (c + d)

a× (c + d) + (b × c + b × d)

(a× c + b × c) + (a+ b)× d

(a+ b)× c + (a× d + b × d)

(a× c + a× d) + (b × c + b × d) (a× c + b × c) + (a× d + b × d)
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Proving Confluence Modulo

Definition: β−→ is Church-Rosser modulo ⊢⊣r
∗

·

· ·

· ·

· · . . . ·

·
β
∗ ⊢⊣r

∗

β ∗

⊢⊣r
∗

β
∗ ⊢⊣r

∗

β ∗

· ·⊢⊣r
∗

β ∗ β
∗

Prototype n°1 of Church-Rosser Modulo Theorem [Huet 1980]

If β−→ is strongly normalizing and {diagrams to close with ⊢⊣r
∗
}

then β−→ is Church-Rosser modulo ⊢⊣r
∗

·

· ·
β β

· ·⊢⊣r
∗

β ∗

β
∗

· ·

·

⊢⊣r
∗

β

· ·⊢⊣r
∗

β
∗

β
∗

Problem: ⊢⊣r
∗

is too complex, we prefer ⊢⊣r
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Prototype n°2 of Church-Rosser Modulo Theorem [Huet 1980]

If β−→ · ⊢⊣r
∗

is strongly normalizing and {diagrams to close with ⊢⊣r }
then β−→ is Church-Rosser modulo ⊢⊣r

∗

·

· ·
β β

· ·⊢⊣r
∗

β ∗

β
∗

· ·

·

⊢⊣r

β

· ·⊢⊣r
∗

β
∗

β
∗

Let’s try this!
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Step 1: Strong Normalization of β−→ · ⊢⊣r
∗

What could possibly go wrong? Let’s mix additive units and exponentials!

(1)
⊢ 1

(!)
⊢ !1

(⊤)
⊢ ?⊥,⊤

(?w )
⊢ ?⊥, ?⊥,⊤

(?c )
⊢ ?⊥,⊤

(cut)
⊢ ⊤

(1)
⊢ 1

(!)
⊢ !1

(1)
⊢ 1

(!)
⊢ !1

(⊤)
⊢ ?⊥,⊤

(?w )
⊢ ?⊥, ?⊥,⊤

(cut)
⊢ ?⊥,⊤

(cut)
⊢ ⊤

β

(1)
⊢ 1

(!)
⊢ !1

(⊤)
⊢ ?⊥,⊤

(cut)
⊢ ⊤

β

(1)
⊢ 1

(!)
⊢ !1

(⊤)
⊢ ?⊥, ?⊥,⊤

(?c )
⊢ ?⊥,⊤

(cut)
⊢ ⊤

⊢⊣r

⊢⊣r Infinity of key
cut-elimination steps!

Intuition
Problem: production of rules / sub-proofs by commutation with ⊤
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Let’s be more subtile
Proposition (inspired from [Aoto and Toyama 2012])

Let →, ⊢⊣ and ; be relations such that ⊢⊣ is symmetric and ; ⊆ ⊢⊣.
Set ⇒ = → ∪ ;. Then → is Church-Rosser modulo ⊢⊣∗ if:

1 → · ;∗ is strongly normalizing
2 ← · → ⊆ ⇒∗ · ⊢⊣= · ∗⇐
3 if a ⊢⊣ b → c then a→ · ⇒∗ · ⊢⊣= · ∗⇐ · ← b

·

· ·

· ·⊢⊣=

∗ ∗

· · ·⊢⊣

· ·

· ·

∗ ∗

⊢⊣=

Intuition
Complexity moved from normalization to diagram closure
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Step 1 bis: Strong normalization
Proposition

Pose ⊤−→ = rule commutations without ⊤-commutations in the direction
“creating rules” ∪ the cut-cut step of cut-elimination
Then β−→ · ⊤∗

−→ is strongly normalizing, with β−→ = (
β−→ without cut-cut)

Almost [Pagani and Tortora de Falco 2010]

⇝ “Just” check that some additions for ⊤
at the start go through this long and
technical proof using non-standard proof-nets
and non-trivial rewriting results!
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Step 2: Diagrams to close

Lemma

·

· ··

· ·

⊢⊣c
=

⊢⊣
r\⊤∗

∪ ⊢⊣r

β β

β ∗

β
∗
· · ·⊢⊣r

β

· ·

· ·
β

+ β +

⊤ ∗ ⊤
∗

⊢⊣
r\⊤∗

· ·⊢⊣c

· ·· ·

·

β
+

β
+

⊢⊣c
∗

⊢⊣c
∗

β ∗

β
∗
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Step 2: Diagrams to close
Proof by cases.

ρ1

⊢ A⊥,B, Γ

ρ3
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(`)
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ρ3
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(cut)
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(`)
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(&)
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1
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(`)
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(`)
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ρ4

β β

β ∗
β
∗

β ∗
β
∗

⊢⊣r

ρ1

⊢ ?A⊥,B⊥, ?Γ1
(!)

⊢ ?A⊥, !B⊥, ?Γ1

ρ2
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⊢ ?A⊥,C , ?Γ1, ?Γ2

(!)
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ρ3
⊢ A, ?Γ3
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Main Result

Theorem: Church-Rosser modulo in all fragments of LL2

Cut-elimination is Church-Rosser modulo rule commutation.
Hence, if π1 and π2 are cut-free with π1

β∗

←− π
β∗

−→ π2 then π1 ⊢⊣
r∗

π2.
π

π1 π2

β
∗ β ∗

⊢⊣r
∗

Theorem: Equality on cut-free proofs in most fragments of LL2

Between cut-free proofs =β = ⊢⊣r
∗

=β=β

⊢⊣r
∗
⊢⊣r
∗

cut-free proofs

Proof.

⊢⊣r ⊆ =β is easy (but tedious); if ?c needs ⊗ `; if ?w needs 1 ⊥
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Plan

▶ Confluence of Cut-elimination Modulo Rule Commutation

π

π1 π2

β
∗ β ∗

⊢⊣r
∗

▶ Undecidability of Equality up to Cut / Rule Commutation

π =β ρ ?

π ⊢⊣r
∗
ρ ?
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Undecidability of Cut-Equality/Proof Equivalence
Proof Equivalence: given π and ρ, does π ⊢⊣r

∗
ρ hold?

Sub-system Proof Equivalence
MLL PSPACE-complete [Heijltjes and Houston 2016]

unit-free MALL LOGSPACE-complete [Bagnol 2017]

Key Lemma Proof next slide
(⊤)

⊢ !A⊗⊤,⊤
(⊕1)

⊢ !A⊗⊤,⊤⊕⊤
⊢⊣r
∗

(⊤)
⊢ !A⊗⊤,⊤

(⊕2)
⊢ !A⊗⊤,⊤⊕⊤

⇐⇒ A is provable

Proposition
Proof Equivalence (so equality up to cut) is undecidable in propositional LL

Proof.
Were it decidable, provability would be too but it is not [Lincoln 1995]
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ρ hold?

Sub-system Proof Equivalence
MLL PSPACE-complete [Heijltjes and Houston 2016]
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LL Undecidable [NEW]

LL2 without ⊤ Decidable (finite number of proofs in a class)
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Provability reduces to Proof Equivalence
Key Lemma

(⊤)
⊢ !A⊗⊤,⊤

(⊕1)
⊢ !A⊗⊤,⊤⊕⊤

⊢⊣r
∗

(⊤)
⊢ !A⊗⊤,⊤

(⊕2)
⊢ !A⊗⊤,⊤⊕⊤

⇐⇒ A is provable

Proof.
♦ If A is provable
We use its proof to find a sequence of commutations:

(⊤)
⊢ !A⊗⊤A,⊤

(⊕i )⊢ !A⊗⊤A,⊤⊕⊤
⊢⊣r

⊢ A
(!)

⊢ !A
(⊤)

⊢ ⊤A,⊤
(⊗)

⊢ !A⊗⊤A,⊤
(⊕i )⊢ !A⊗⊤A,⊤⊕⊤

⊢⊣r

⊢ A
(!)

⊢ !A
(⊤A)⊢ ⊤A,⊤
(⊗)

⊢ !A⊗⊤A,⊤
(⊕i )⊢ !A⊗⊤A,⊤⊕⊤

⊢⊣r
⊢ A

(!)
⊢ !A

(⊤A)⊢ ⊤A,⊤
(⊕i )⊢ ⊤A,⊤⊕⊤
(⊗)

⊢ !A⊗⊤A,⊤⊕⊤

⊢⊣r
⊢ A

(!)
⊢ !A

(⊤A)⊢ ⊤A,⊤⊕⊤
(⊗)

⊢ !A⊗⊤A,⊤⊕⊤
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Provability reduces to Proof Equivalence
Key Lemma

(⊤)
⊢ !A⊗⊤,⊤

(⊕1)
⊢ !A⊗⊤,⊤⊕⊤

⊢⊣r
∗

(⊤)
⊢ !A⊗⊤,⊤

(⊕2)
⊢ !A⊗⊤,⊤⊕⊤

⇐⇒ A is provable

Proof.
♦ If A is provable

♦ If A is not provable
We can compute the full equivalence class in this case:

(⊤)
⊢ !A⊗⊤A,⊤

(⊕i )⊢ !A⊗⊤A,⊤⊕⊤
⊢⊣r

(⊤)
⊢ !A,⊤

(⊤A)⊢ ⊤A
(⊗)

⊢ !A⊗⊤A,⊤
(⊕i )⊢ !A⊗⊤A,⊤⊕⊤

⊢⊣r
(⊤)

⊢ !A,⊤
(⊕i )⊢ !A,⊤⊕⊤

(⊤A)⊢ ⊤A
(⊗)

⊢ !A⊗⊤A,⊤⊕⊤

Intuition

Use !A to have no commutation in (⊤)
⊢ !A,⊤ (! commutes not with ⊤)
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One may want for more!
Axiom-expansion and its interactions with cut-elimination

· · · · · · ·

· · ·

· · · · · ·

· · · · · ·

=β =η =β =η =β =η

⊢⊣r
∗

⊢⊣r
∗

⊢⊣r
∗

⊢⊣r
∗

⊢⊣r
∗

⊢⊣r
∗

η ∗
η
∗ η ∗

η
∗ η ∗

η
∗

=

β
∗ β ∗

β
∗ β ∗

β
∗

η ∗ β
∗

η
∗

β
∗

η ∗ β
∗

η
∗

β
∗

η ∗ β
∗ β

∗
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One may want for more!
Axiom-expansion and its interactions with cut-elimination
More commutations with new cases to check

⊢ A, ?B, ?B, ?Γ
(!)

⊢ !A, ?B, ?B, ?Γ
(?c )

⊢ !A, ?B, ?Γ

≡
⊢ A, ?B, ?B, ?Γ

(?c )
⊢ A, ?B, ?Γ

(!)
⊢ !A, ?B, ?Γ

⊢ A, ?Γ
(!)

⊢ !A, ?Γ
(?w )

⊢ !A, ?B, ?Γ

≡
⊢ A, ?Γ

(?w )
⊢ A, ?B, ?Γ

(!)
⊢ !A, ?B, ?Γ

πB
⊢ A[B/X ], Γ

(∃)
⊢ ∃X A, Γ

≡
πC

⊢ A[C/X ], Γ
(∃)

⊢ ∃X A, Γ

when πB and πC are “witness irrelevant”
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One may want for more!
Axiom-expansion and its interactions with cut-elimination
More commutations with new cases to check
More rewriting rules with interactions to check

⊢ ?A, Γ
(?w )

⊢ ?A, ?A, Γ
(?c )

⊢ ?A, Γ

−→ ⊢ ?A, Γ
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One may want for more!
Axiom-expansion and its interactions with cut-elimination
More commutations with new cases to check
More rewriting rules with interactions to check

⊢ ?A, Γ
(?w )

⊢ ?A, ?A, Γ
(?c )

⊢ ?A, Γ

−→ ⊢ ?A, Γ

Thank you!
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Back-up: Isomorphisms in Linear Logic

Isomorphism A ≃ B

Proofs π of A ⊢ B and ρ of B ⊢ A such that
π

A ⊢ B
ρ

B ⊢ A
(cut)

A ⊢ A
=βηo

(ax)
A ⊢ A and

ρ
B ⊢ A

π
A ⊢ B

(cut)
B ⊢ B

=βηo
(ax)

B ⊢ B

Conjecture

Associativity
A⊗ (B ⊗ C ) ≃ (A⊗ B)⊗ C A ` (B ` C ) ≃ (A ` B) ` C
A⊕ (B ⊕ C ) ≃ (A⊕ B)⊕ C A& (B & C ) ≃ (A& B) & C

Commutativity A⊗ B ≃ B ⊗ A A ` B ≃ B ` A A⊕ B ≃ B ⊕ A A& B ≃ B & A

Neutrality A⊗ 1 ≃ A A `⊥ ≃ A A⊕ 0 ≃ A A&⊤ ≃ A

Distributivity A⊗ (B ⊕ C ) ≃ (A⊗ B)⊕ (A⊗ C ) A ` (B & C ) ≃ (A ` B) & (A ` C )

Annihilation A⊗ 0 ≃ 0 A `⊤ ≃ ⊤
Seely

!(A& B) ≃ !A⊗ !B ?(A⊕ B) ≃ ?A ` ?B
!⊤ ≃ 1 ?0 ≃ ⊥

Quantifiers
∀X (A& B) ≃ ∀X A& ∀X B ∃X (A⊕ B) ≃ ∃X A⊕ ∃X B ∀X ⊤ ≃ ⊤ ∃X 0 ≃ 0
∀X B ` A ≃ ∀X (B ` A)∗ ∃X B ⊗ A ≃ ∃X (B ⊗ A)∗ ∀X∀Y A ≃ ∀Y ∀X A ∃X∃Y A ≃ ∃Y ∃X A

∗ if X not free in A

With the !− ?c , !− ?w and ?c − ?w commutations and reductions
π

⊢ A, ?B, ?B, ?Γ
(!)

⊢ !A, ?B, ?B, ?Γ
(?c )

⊢ !A, ?B, ?Γ

≡

π
⊢ A, ?B, ?B, ?Γ

(?c )
⊢ A, ?B, ?Γ

(!)
⊢ !A, ?B, ?Γ

π
⊢ A, ?Γ

(!)
⊢ !A, ?Γ

(?w )
⊢ !A, ?B, ?Γ

≡

π
⊢ A, ?Γ

(?w )
⊢ A, ?B, ?Γ

(!)
⊢ !A, ?B, ?Γ

π
⊢ ?A, Γ

(?w )
⊢ ?A, ?A, Γ

(?c )
⊢ ?A, Γ

→ π
⊢ ?A, Γ
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Commutativity A⊗ B ≃ B ⊗ A A ` B ≃ B ` A A⊕ B ≃ B ⊕ A A& B ≃ B & A

Neutrality A⊗ 1 ≃ A A `⊥ ≃ A A⊕ 0 ≃ A A&⊤ ≃ A

Distributivity A⊗ (B ⊕ C ) ≃ (A⊗ B)⊕ (A⊗ C ) A ` (B & C ) ≃ (A ` B) & (A ` C )

Annihilation A⊗ 0 ≃ 0 A `⊤ ≃ ⊤
Seely

!(A& B) ≃ !A⊗ !B ?(A⊕ B) ≃ ?A ` ?B
!⊤ ≃ 1 ?0 ≃ ⊥

Quantifiers
∀X (A& B) ≃ ∀X A& ∀X B ∃X (A⊕ B) ≃ ∃X A⊕ ∃X B ∀X ⊤ ≃ ⊤ ∃X 0 ≃ 0
∀X B ` A ≃ ∀X (B ` A)∗ ∃X B ⊗ A ≃ ∃X (B ⊗ A)∗ ∀X∀Y A ≃ ∀Y ∀X A ∃X∃Y A ≃ ∃Y ∃X A

Optional ∀X A ≃ A∗† ∃X A ≃ A∗† 1 ≃ ⊥‡ 0 ≃ ⊤♣

∗ if X not free in A

† if

πB

⊢ A[B/X ], Γ
(∃)

⊢ ∃X A, Γ

≡

πC

⊢ A[C/X ], Γ
(∃)

⊢ ∃X A, Γ

when π is “witness irrelevant”

‡ if
π
⊢ Γ

(mix0)
⊢

(mix2)
⊢ Γ

≡ π
⊢ Γ

♣ with
(∅)

⊢ Γ
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Back-up: Inference Rules of Linear Logic

(ax)
⊢ A⊥,A

⊢ A⊥, Γ ⊢ A,∆
(cut)

⊢ Γ,∆

⊢ A,B, Γ
(`)

⊢ A ` B, Γ

⊢ A, Γ ⊢ B,∆
(⊗)

⊢ A⊗ B, Γ,∆

⊢ Γ
(⊥)

⊢ ⊥, Γ
(1)

⊢ 1
⊢ A, Γ ⊢ B, Γ

(&)
⊢ A& B, Γ

⊢ A, Γ
(⊕1)

⊢ A⊕ B, Γ

⊢ B, Γ
(⊕2)

⊢ A⊕ B, Γ
(⊤)

⊢ ⊤, Γ
⊢ A, Γ

(?d)
⊢ ?A, Γ

⊢ ?A, ?A, Γ
(?c)

⊢ ?A, Γ

⊢ Γ
(?w)

⊢ ?A, Γ

⊢ A, ?Γ
(!)

⊢ !A, ?Γ

⊢ A, Γ
X not free in Γ (∀)

⊢ ∀X A, Γ

⊢ A{B/X}, Γ
(∃)

⊢ ∃X A, Γ
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Back-up: Cut-elimination on an example
(ax)

⊢ A⊥,A
(ax)

⊢ B,B⊥
(⊗)

⊢ A⊥,A⊗ B,B⊥

(ax)
⊢ A,A⊥

(ax)
⊢ C⊥,C

(⊗)

⊢ A,A⊥ ⊗ C⊥,C
(cut)

⊢ A⊗ B,A⊥ ⊗ C⊥,B⊥,C

(ax)
⊢ A⊥,A

(ax)
⊢ A,A⊥

(ax)
⊢ C⊥,C

(⊗)

⊢ A,A⊥ ⊗ C⊥,C
(cut)

⊢ A,A⊥ ⊗ C⊥,C
(ax)

⊢ B,B⊥
(⊗)

⊢ A⊗ B,A⊥ ⊗ C⊥,B⊥,C

(ax)
⊢ A,A⊥

(ax)
⊢ C⊥,C

(⊗)

⊢ A,A⊥ ⊗ C⊥,C
(ax)

⊢ B,B⊥
(⊗)

⊢ A⊗ B,A⊥ ⊗ C⊥,B⊥,C

β
com

β ke
y
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Back-up: Rule commutation (list of cases)

π
⊢ C , Γ

ρ
⊢ A,D,∆

τ
⊢ B,Σ

(⊗)
⊢ A⊗ B,D,∆,Σ

(⊗)
⊢ A⊗ B,C ⊗ D, Γ,∆,Σ

⊢⊣r
π

⊢ C , Γ
ρ

⊢ A,D,∆
(⊗)

⊢ A,C ⊗ D, Γ,∆
τ

⊢ B,Σ
(⊗)

⊢ A⊗ B,C ⊗ D, Γ,∆,Σ

π
⊢ A, Γ

ρ
⊢ B,C ,∆

τ
⊢ B,D,∆

(&)
⊢ B,C & D,∆

(⊗)
⊢ A⊗ B,C & D, Γ,∆

⊢⊣r
π
⊢ A, Γ

ρ
⊢ B,C ,∆

(⊗)
⊢ A⊗ B,C , Γ,∆

π
⊢ A, Γ

τ
⊢ B,D,∆

(⊗)
⊢ A⊗ B,D, Γ,∆

(&)
⊢ A⊗ B,C & D, Γ,∆

(⊤)
⊢ ⊤, ?A, Γ ⊢⊣r

(⊤)
⊢ ⊤, ?A, ?A, Γ

(?c )
⊢ ⊤, ?A, Γ

(⊤)
⊢ ⊤,A⊗ B, Γ,∆ ⊢⊣r

(⊤)
⊢ ⊤,A, Γ

π
⊢ B,∆

(⊗)
⊢ ⊤,A⊗ B, Γ,∆

. . . and many many many more . . .

Non-trivial: duplicates / merges sub-proofs
Tricky: produces / deletes rules and sub-proofs
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Back-up: Rule commutation (general method)

Every pair (s)

(r)
⊢⊣r (r)

(s)
coming from:

(r) (s)

(cut)

(cut)
(s)

(r)

(cut)
(r)

(s)

β
∗
com

β ∗
com

≈ #|rules|2 commutations −→ 93 equations in LL!

Remarks
⊢⊣r ⊆ =β

⊢⊣r is the usual (cut-free) commutation without !− ?c and !− ?w
π

⊢ A, ?B, ?B, ?Γ
(!)

⊢ !A, ?B, ?B, ?Γ
(?c )

⊢ !A, ?B, ?Γ

̸⊢⊣r
π

⊢ A, ?B, ?B, ?Γ
(?c )

⊢ A, ?B, ?Γ
(!)

⊢ !A, ?B, ?Γ

and

π
⊢ A, ?Γ

(!)
⊢ !A, ?Γ

(?w )
⊢ !A, ?B, ?Γ

̸⊢⊣r
π

⊢ A, ?Γ
(?w )

⊢ A, ?B, ?Γ
(!)

⊢ !A, ?B, ?Γ
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