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Introduction

Proof nets: graphical syntax for proofs of Linear Logic, canonical

Desequentialization

Proof
structures

Proof trees —
Sequentialization

This talk: easy proof of sequentialization using (a generalization of) Yeo's
theorem from graph theory
— follows a line of work from [Rétoré2003] and [Nguy&n2020]
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Outline

» Multiplicative Linear Logic & Sequentialization
@ Sequent Calculus & Proof Nets
@ Sequentialization from Yeo's theorem

» Simple proof of (a generalized) Yeo's theorem
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Unit-free Multiplicative Linear Logic with Mix

Formulas
Az=X|-X|ANA|AV A
~——
atoms
Rules
FAT FB,A A B,T
— (ax) (n) — (V)
=X, X A A B,T,A AV BT
FI FA )
W (mIX2) '_ (leo)
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Unit-free Multiplicative Linear Logic with Mix

Formulas
noi ar]d or
A=X|X"|A® A|lA®BA
~——
atoms
Rules
FAT FB,A A BT
“‘i[“’(ax) (®) —— (®)
XX FA® B, T,A FA% B, T
-r }_A( ix2) — (mixo)
FT,A ’ .

No contraction nor weakening, consistent logic

4/15



Example of proof structure by desequentialization

(%)
F XL X Fy, vyt

(

FX®VY, Xt vyt FZz zt
FX®Y, XYtz zt
FXQVY,XtrYl z 7+

()
FXeY,(Xteyhynz z+

(ax)
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Proof structure

Definition
Partial multigraph with labels on vertices — ax /® / %®
on edges — formula

(At BL)®C
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Cusp: a 7 and its two premises
Switching / Cusp-free cycle: does not contain any cusp
A proof structure is correct if it has no switching cycle

= if every cycle has a cusp
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Destination Sequentialization

Sequentialization

Given a correct proof structure, there is a proof desequentializing to it.
How to prove it? One usual way: by finding a splitting vertex

Splitting (terminal) ®/% [Gir87]
8 no vertex below

® no vertex below & not in a cycle
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Destination Sequentialization
Sequentialization
Given a correct proof structure, there is a proof desequentializing to it.

How to prove it? One usual way: by finding a splitting vertex

Splitting (terminal) ®/7% [Gir87]  Splitting % (aka section) [DR89]

7 no vertex below its conclusion edge is not in a cycle

® no vertex below & not in a cycle

m
FA B,

T - ()
FA%®B,T

T2
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Sequentialization & Yeo’'s Theorem

Sequentialization
Proof nets

Cusp: a 7 and its two premises

no switching / cusp-free cycle
= J splitting vertex
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Sequentialization & Yeo’'s Theorem

Sequentialization
Proof nets

Cusp: a 7 and its two premises

no switching / cusp-free cycle
= J splitting vertex
= is a cusp of all its cycles

Generalized Yeo's Theorem
Half-Edge-colored graphs

Cusp: a vertex and two of its edges
of the same color near it

no cusp-free cycle
— 3 splitting vertex in 'some set
= is a cusp of all its cycles
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Outline

» Simple proof of (a generalized) Yeo's theorem
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Strict Partial Order on Vertices
Main idea: follow a path evidence of progression = a strict partial order <
Goal: a <-maximal vertex is splitting
Definition
v < u means there is a path p such that:
(1) p goes from v to u
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Proof: < is a strict partial order.

Irreflexivity: by definition.
o P

Transitivity: if (v, «a) < (u, 3) < w, ) then (v, ) a (w,7).

(1) v » p /\ ANK:
(2) ? O \9
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Strict Partial Order on Vertices x Colors

Main idea: follow a path evidence of progression = a strict partial order <
Goal: a <-maximal vertex is splitting

Definition

(v, @) < (u, /) means there is a path p such that:

(1) p goes from v to u, is cusp-free, with starting color not v and with
ending color

(2) there is no cusp-free path r starting from u with color and going
back on p
Proof: < is a strict partial order.
Irreflexivity: by definition.
Transitivity: if (v, a) & (u,B) Z (w,7) then (v, ) a (w, 7).
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<-maximal is splitting

Lemma

In a graph with no cusp-free cycle, take v not splitting and «. any color.
Then (v,«) < (u, 7) for some (u, /) where |7 is the color of a cusp at u.

Proof.
v not splitting = 3 cycle w with no cusp at v
@ w.l.o.g. w has a minimal number of cusps

@ an edge of w incident to v is not colored a
not «
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Then (v,«) < (u, 7) for some (u, /) where |7 is the color of a cusp at u.

Proof.

v not splitting = 3 cycle w with no cusp at v
W

@ w.l.o.g. w has a minimal number of cusps

@ an edge of w incident to v is not colored a
not «
No cusp-free cycle: p

set u the first cusp of w, of color g

(v, @) & (u, B)?
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Key intermediate lemma
Cusp Minimization

Set w a cycle with but no cusp at v, and g a
cusp-free path starting from 1 with color and ending on w. Then

either there is a cycle w' with no cusp at v and strictly less cusps than w or
there exists a cusp-free cycle c.

Proof.
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Proof.
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Generalized Yeo’'s Theorem

Generalized Yeo's Theorem

Take G a graph with an half-edge coloring and no cusp-free cycle.

Then G has a splitting vertex.
Proof.

A non-splitting vertex is smaller than some vertex in a cusp.

O]
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Generalized Yeo’'s Theorem

Generalized Yeo’s Theorem
Take G a graph with an half-edge coloring and no cusp-free cycle.
Set P a subset of Vertices x Colors with

{(v,) | 3 a cusp at v of color a} C P.
Then the vertex of any <\-maximal element of P is splitting.

Proof.

A non-splitting vertex is smaller than some vertex in a cusp. O
Back to proof nets: cusp = @& @

We get a: - @
Splitting 7 with P all %8-color pairs @ @

Splitting terminal with P := {(v,a) |

visa ® or ® and « is the color of one of its premises}
Splitting %/® with P all %8- and ®-color pairs
Splitting %/ @ /ax with P all vertex-color pairs
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Conclusion: Sequentialization and Graph Theory

Sequentialization [Gir87]

alllequivalent|using structural[encodings|[Sze04]

i [Ngu20] | kotzie [Kot59 Grossman &
MLL Proof nets are >~ .y Kotzig [Kot59] a °
!structural Haggkvist [GH83]

exactly the images of proof
trees (with mix) i

Sequentialization [HGO5]

MALL Proof nets are
exactly the images of proof
trees (with mix)

1

Proof Nets

On perfect matchings

1 encoding

Seymour & Yeo [Yeo097]

Giles [Sey78] | 4 graph with no alternating

cycle has a splitting vertex:
Shoesmith & | prone

Smiley [SS79]

ROCQ
‘CHECKED
Allows some

cusp-free cycles (and a parameter)

Graph Theory

Yeo with cycles
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Thank you!
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Interest of the parameter P

Vertex x Colors
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non splitting vertices

(®, 1) < (ax,, ay)
(®, ar) < (axs, o)
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